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Summary
Bistable Reeled Composite (BRC) booms have the potential to be used as lightweight
structural elements for a number of space applications. This thesis details an approach
for increasing the natural frequency and stiffness of extended BRCs. The motivation for
this research is the desire to increase the scalability of a flexible “roll-up” solar array
which, in its deployed state, consists of two cantilevered BRCs supporting a flexible
Photo Voltaic (PV) cell-covered blanket between them. A parametric study has been
presented, which analysed the effects of design parameters on the vibration character-
istics of a single boom using a Finite Element (FE) approach. A numerical model was
combined with a nonlinear constrained optimisation to maximise the natural frequency
of BRC booms with respect to the fibre orientation angles and ply discontinuity loca-
tions, under the constraints of the physically achievable braid angles and constant coiled
diameters resulting from the deployment mechanism design. The results demonstrate
that careful selection of the fibre orientation angles and introducing a step change in the
number of plies at strategic positions along the boom length can significantly increase the
natural frequency. For instance, the natural frequency of a four-carbon/epoxy-nominal-
braid-ply boom (L = 5.1 m, R = 38 mm, and β = 345◦) has been improved by more than
50%. The agreement between the natural frequency values for the complete solar array
and the corresponding individual BRC booms indicates that the optimised solutions for
a single boom model are applicable to the complete model for the first (cantilever) mode.
Experimental verification of the vibration characteristics of optimised BRC booms has
also been conducted. Finally, a dynamic stability analysis of the optimised BRC booms
under bending has been carried out using FE simulation, to quantify the maximum an-
gular acceleration that they can withstand before failure. The optimised BRC booms
exhibit a higher resistance to bending during a spacecraft manoeuvre.
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Chapter 1
Introduction
1.1 Deployable Structures
Deployable structures (Pellegrino, 2014) are structures that attain at least two distinct
configurations: stowed and deployed (Viquerat, 2012). They can achieve a substantially
reduced volume in the stowed configuration, and can then be expanded to their final
stage. For this reason, deployable structures can potentially be used for transportation
or space technologies, due to the storage limitation of launch vehicles and the need
for larger structures in space. Engineers have used various types of devices for space
applications depending on the service requirements where a change in shape is required
(Kiper and Soylemez, 2009; Hachkowski and Peterson, 1995), such as booms (Block
et al., 2011; Schenk et al., 2014), solar arrays (Malone and Williams, 1996; Clark et al.,
2002; Campbell et al., 2006), masts (Beidleman et al., 2011; Malone and Williams,
1996), reflectors (Tibbalds et al., 2004; Tan and Pellegrino, 2002; Tan et al., 2005), and
antennae (Knight, 2000; Guest and Pellegrino, 1996) on spacecraft, which have to be
compactly stowed for launch, and can be deployed once in orbit (Guest, 1994).
Bistable composite shells as a type of deployable structure were first discovered by
Daton-Lovett in 1996 (Galletly and Guest, 2004) and patented as Bistable Reeled Com-
posite (BRC) booms. They are developed by RolaTube Extending Technology along
with NASA, ESA, EADS Astrium, and academic institutions such as the University of
Surrey and University of Cambridge. BRC booms are slit tubes that can be flattened
and rolled up into a stable and compact coil. The bistability of BRCs is due to an
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anisotropic response of the thermal expansion coefficient between the bistable laminate
plies introducing a residual stress on cooling from the high curing temperature during
manufacture (Giddings et al., 2010; Bowen et al., 2014). BRCs have been used in many
fields due to their comprehensive properties in size, weight, versatility and robustness,
in particular for space exploration, where many existing and proposed space missions
require structures to be very large in space but as small as possible when launched. For
instance, deployable masts and antennae with BRC booms are lightweight, easy to de-
ploy, and can deliver immediate communications. Compact and lightweight deployable
BRC actuators (named Reeled Linear Actuator (Daton-Lovett et al., 2000)) are being
explored for their remote photographic inspection applications for the nuclear power
industry, and the concept of using BRC booms to support and deploy a completely
stripped solar sail was proposed by Fernandez et al. (2011). The Bistable Over the
Whole Length (BOWL) Carbon Fibre Reinforced Plastic (CFRP) booms were designed
for solar sails, including the InflateSail and CubeSail projects developed in the Surrey
Space Centre. The use of BRC booms reduced the possibility of failures introduced by
complicated supporting structures. Additionally, this design simplified the deployment
procedures, as the booms were controlled by unravelling themselves from the drum.
As a result of their potential space applications, researchers spent some time studying
bistable cylindrical shells. However, attempts at optimisation of the laminates’ design
to improve the dynamic performance of BRCs is relatively limited.
The work presented in this thesis details the development of a large size “roll-up” Photo-
voltaic (PV) solar array, constructed with two BRC booms and a flexible PV cell-covered
blanket in-between, as shown in Figure 1.1. Both the BRCs and the PV solar cells are
rolled up in the launch phase, and deployment can either be controlled by releasing
the stored strain energy of the booms, or be driven by an inflatable bladder attached
to the concave side of the BRCs (Viquerat et al., 2013b). This solar array structure
was developed as a part of the European Commission Framework 7 Program project
DeployTech (Daton-Lovett, 2013; Viquerat et al., 2013a,b). One of the aims of this
project was to develop a new deployable solar array suitable for space applications with
merits of low mass, large volume reduction when stowed and a reduced potential failure
by minimising the number of moving parts. This design employed two parallel BRCs as
primary support structures and a PV blanket as the central panel, which significantly
simplified the deployment mechanism, the storage and the control systems. Viquerat
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et al. (2013b) examined the harmonic response and vibration modes for a “roll-up” PV
solar array at Rolatube. The two 5 m long rigidly tied BRCs would function well within
the frequency bounds that are required for the attitude control system of a deployable
solar array, but a low-frequency instability would appear for even longer BRC booms.
(a) Schematic of a “roll-up” PV solar array (b) Details of the deployment of bistable booms
Figure 1.1: Deployed “roll-up” PV solar array system (Daton-Lovett, 2013).
1.2 Novelty
Traditionally, investigations have focussed on modelling the bistability of BRCs, and
trying to determine the existence of and properties of the various stable states (Iqbal
et al., 2000; Daton-Lovett et al., 2000; Galletly, 2002; Galletly and Guest, 2004; Guest
and Pellegrino, 2006). This work addresses the vibration and dynamic stability analyses
of BRC booms in their extended states, and an entire solar array structure in order to
improve their dynamic performance at minimal cost to their structural mechanics. The
novelty of this work lies in:
• Creative design of BRC booms with stepwise thickness variations, tapered diam-
eters, and linearly varying included angles.
• Improving the fundamental cantilever frequency of the solar array by studying the
vibration characteristics of extended bistable booms.
• Analysing the dynamic stability of single BRCs and a complete solar array struc-
ture themselves subjected to bending by modelling them built into a spacecraft
performing specified rotational and translational manoeuvres.
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1.3 Aims
A larger-size “roll-up” PV solar array is envisaged to be constructed with much longer
BRC booms. According to Attitude and Orbit Control System (AOCS) requirement of
reasonably high stiffness of the BRCs to avoid significant coupling between the space-
craft’s control system and the solar array’s structural modes in practical applications,
the dynamic performance of bi-stable booms when they are extended in space is studied.
The aims of this work are as follows:
• To understand the scaling laws governing the feasibility of using very large BRCs
for space applications.
• To improve the dynamic performance of long bistable booms.
• To maintain the structural stiffness and strength of the proposed bistable booms.
• To estimate the maximum length that the solar array can be built before being
dynamically unstable.
1.4 Objectives
To achieve the goals of this work the following objectives are completed:
• To review the previous work that has been done for bistable structures and to
identify existing problems.
• To identify the analytical models appropriated for determining the structural me-
chanics of a bistable laminate.
• To analyse the bistability and coiled radius by using analytical models.
• To understand the effects of design parameters on the natural frequency of booms
in ABAQUS.
• To propose novel BRC booms and compute their vibration characteristics.
• To set up experiments to verify the FE results.
• To formulate the nonlinear constrained vibration optimisation approach.
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• To optimise the cantilever frequencies of single BRC booms with respect to the
investigated parameters using the developed vibration optimisation method.
• To validate the reliability of optimising single BRC booms instead of a complete
“roll-up” solar array.
• To study the dynamic stability of single BRC booms built in a spacecraft perform-
ing specific rotational and translational manoeuvres.
• To experimentally validate the simulation results of single booms subjected to a
translational-induced bending.
• To study the dynamic stability of the entire solar array structure without the
membrane.
• To predict the scalability of the solar array on the basis of the stability analysis
of the single booms.
1.5 Summary of Each Chapter
Chapter 2: Literature Review gives motivation for the work and highlights the nec-
essary background information based on a literature survey of the analysis of bistable
structures. The review consists of three main areas: bistable composite shell struc-
tures, including the Classical Laminate Theory (CLT), the bistability constraint, and
the determination of the diameter in the stowed configuration; vibration analysis of
shell structures, including Euler-Bernoulli beam theory and vibration optimisation ap-
proaches; and dynamic stability analysis of cantilevered BRCs subject to bending. This
chapter contains much of the analytical principles and methods employed to carry out
the research in the succeeding chapters.
Chapter 3: Bistability and Vibration Analysis of BRC Booms identifies the
mechanical properties, bistability and coiled diameter of the designed bistable laminates.
A parametric study regarding the varied design parameters is conducted using the FE
approach, to gain knowledge of the impact of each parameter on the natural frequency
of cantilevered BRCs. New types of BRC booms are proposed to improve the vibration
characteristics. FE simulation is then used to investigate the natural frequency of the
new BRC booms, and how the parameters involved in the newly designed booms impact
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the frequencies.
Chapter 4: Bistability Constrained Vibration Optimisation presents a way to
optimise the bistable laminates. The curve fitting tool is initially used to try to fit the
natural frequencies computed in ABAQUS to a polynomial function, and the polynomial
function is then maximised to find the corresponding variables. This method performs
reasonably well for BRCs with two variables, but is difficult to use with multiple vari-
ables due to difficulty in fitting the natural frequency values into reasonable polynomial
functions. The nonlinear constrained vibration optimisation approach employs a Python
script to create a numerical model of an extended BRC boom in ABAQUS, then uses
the Matlab global optimisation toolbox (Custodio and Vicente, 2008) to optimise the
natural frequency, updating the BRC parameters via Python, and then ABAQUS.
Chapter 5: Dynamic Stability Analysis of a Deployed Solar Array Subjected
to Bending presents a dynamic stability FE analysis of cantilevered BRC booms sub-
jected to bending. After attaching an extended BRC boom to a simplified spacecraft,
a rotational acceleration about the transverse axis is applied to rotate the spacecraft,
consequently subjecting the boom to bending stiffness. The stability of BRC booms
under both same-sense and opposite-sense bending are modelled. The maximum ro-
tational acceleration the booms can sustain before losing stability during a spacecraft
manoeuvre is computationally determined. An FE stability simulation of an entire solar
array model is completed to validate the reliability of modelling a single boom instead
of the whole structure.
Chapter 6: Conclusions and Future Works summarise the main conclusions of this
work and addresses the achievements in the bistable laminated structures’ vibration
optimisation. This chapter also includes some potential research interest for future
work.
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Chapter 2
Literature Review and
Fundamentals
2.1 Deployable Structures
The concept of deployable structures has been broadly classified by Bowden (Rehnmark
et al., 2007) into hinged, linear, surface and volume deployable devices. These devices (in
particular the linear deployed booms, such as telescoping, inflatable, coiled, and tubular
extendable booms) are frequently used for supporting instruments in space missions
(Hakkak and Khoddam, 2006). Also deployable solar arrays having a large volume in
space but a very small volume in their launch configuration have been developed for
certain space applications. In this section, various types of deployable booms and solar
arrays are reviewed from literature.
2.1.1 Deployable Booms
Among the deployable booms the Storable Tubular Extendable Members (STEM) are
the most popular in the deployable space structures community (Rimrott, 1966a; Chu
et al., 2014). The STEMs as shown in Figure 2.1 (a) and (b) (displaying the STEM
and BI-STEM) are metallic slit-tubes that can be flattened and coiled up for packing.
Though not required, they are typically overlapped to increase the torsional stiffness.
The STEMs are stress free in their extended state, but they store quite a large amount
of potential energy when they are packed, which without a containment mechanism will
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bloom in an unpredictable manner. In order to avoid the blooming of STEMs, a sub-
stantial mechanism to control the deployment rate and path will be required (Murphey
et al., 2010).
(a) (b) (c)
Figure 2.1: Different tubular extendable booms. Figures (a) (b) and (c) are STEM,
BI-STEM, and Lenticular booms (Chu et al., 2014)
Traditionally the boom materials include the stainless steel and BeCu, but composite
materials with high stiffness and strength to weight ratios are increasingly attractive.
The German aerospace centre (DLR) successfully constructed a STEM collapsible tubu-
lar boom with lenticular cross-section booms as shown in Figure 2.1 (c) for a 5 × 5 m
boom-based solar sail that flatten and roll on a central hub (Roybal et al., 2007). The
DLR booms have high torsional stiffness as a result of their closed cross-section, but a
relatively tall packaged height. Able Engineering Company (AEC) developed a Contin-
uous Longeron Coilable Boom (CLCB) by jointing triangular retractable and collapsible
elements to longerons to form a linear truss structure (Roybal et al., 2007). NASA pro-
posed Collapsible Rollable Tube (CRT) booms for the Phase 1 of the Modular Recon-
figurable High-Energy Technology Demonstrator (MRHE) program (Rehnmark et al.,
2007). Each CRT boom was made up of two CFRP cylindrical half-shells joined by
metal hinges (Rehnmark et al., 2007). Both the composite shells and the discrete flex
joints were folded flat to allow CRT to be flatted. Advantages of the CRT boom was its
very low linear density (approximately 64 g/m, less than half of a metallic boom of com-
parable stiffness (Rehnmark et al., 2007)) and increased capability in taking torsional
loads compared to the normal STEMs.
There is another type of deployable composite booms that can be stable when they are
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fully rolled and unrolled, which are known as bistable composite booms. The unique
behaviour of being stable at both coiled and flattened configurations is named as bista-
bility, which contributes to avoiding substantially heavy holding-on mechanisms to keep
the booms coiled in stowage.
2.1.2 Deployable Solar Arrays
Several programmes have been established for deployable solar arrays within the United
States and European markets since the late 20th Century (Carpenter and Lyons, 2002;
Campbell et al., 2006; Carpenter and Lyons, 2001; Beidleman et al., 2011; Clark et al.,
2002; Malone and Williams, 1996), such as the inflatable solar array (Malone and
Williams, 1996; Cadogan and Lin, 1999), EADS-Astrium’s COMED Flexible Solar Gen-
erator (FSG) (G. Kuchler, 2005), Lockheed Martin’s Lightweight Flexible Solar Array
(LFSA) (Carpenter and Lyons, 2001, 2002), Alcatel’s Solar Bus Array (SBA), and MSI’s
Foldable Integrated Thin-film Stiffened Array (FITSA) (Clark et al., 2002; Campbell
et al., 2006). Most of these programmes use a similar flat panel folded design.
The lightweight inflatable solar array wing (Malone and Williams, 1996) was developed
in the Inflatable Torus Solar Array Technology Demonstration (ITSAT Demon) Project.
The ITSAT achieved the requirements for a deployable solar array with high performance
at the minimum cost. This concept concentrated on the space power requirements in
the range of 10 - 1000 watts for small satellites. In the ITSAT inflatable array design,
the solar array was packaged in a canister from which it would be deployed. The booms
utilised in this array were laminated with aluminium foil sandwiched between two plies
of thin plastic films. The designed ITSAT was hung vertically and oscillated about a
specified axis to test its dynamics response.
More recently, the Rolled Out and Passively Deployed Array (RAPDARTM as shown
in Figure 2.2) (Campbell et al., 2006; Barrett et al., 2006) structural system has been
designed for the purpose of generating power in the range of 1 - 50 kW at a greater
power density than 250 kW/kg and at a low cost. This concept, targeting future larger
spacecraft, takes full advantage of advanced technologies such as thin-film photovoltaic
cells and the TEMBO R© Elastic Memory Composite (EMC). The RAPDARTM utilised
EMC longerons as primary structural members to control the packaging and deployment
of the system, and to provide stiffness and strength for the deployable structure. The
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longerons were connected by battens to form the central panel. Additionally, two wing
panels were attached to the outside of each longeron and folded across the central panel
when stowed.
(a) RAPDARTM schematic (b) Deployed RAPDARTM
Figure 2.2: RAPDARTM System (Barrett et al., 2006)
This RAPDARTM is more advanced and powerful than the current existing deployable
solar arrays used for small satellites. It was calculated by Campbell et al. (2006) that a
50 kW version of the RAPDARTM would be 6 m wide by 60 m long, weigh 140 kg and
exhibit a natural frequency of 0.23 Hz. Both the size and mass of such a large deployable
solar array will be a great challenge concerning launching and deployment.
As noted above, most spacecraft use flat rigid solar panels with multiple hinges and
a number of moving parts at this moment. Normally the inflatable solar arrays are
less efficient, have a higher cost or have more complex deployment mechanisms, folding
procedures or stowage systems. Compared to other designs, however, the “roll-up” PV
solar array (see Figure 1.1), with rigidly tied side-by-side BRC booms and “PV” cells
suspended between, giving a large power generating area, is a relatively straightforward
and promising design. The BRC technology reduces the complexity and stowed volume
of the solar arrays. Also the BRCs provides a novel deployment for existing rigid arrays
by releasing themselves from the drum. Nevertheless, even though the BRCs are com-
pact, they are open-section devices and lack torsional rigidity. Initially, the “roll-up”
PV solar array developed for DeployTech was 5 m long and 1 m wide, but it is envisaged
that much larger solar arrays could be built. If this structure is to be deployed from a
spacecraft, the stiffness of the BRCs must be sufficiently high enough to avoid signifi-
cant coupling between the spacecraft’s control system and the solar array’s structural
modes. For example, Campbell et al. (2006) described a rollable solar array design, and
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recommended that the natural frequency should be kept above 0.2 Hz. While the precise
requirements for the vibration characteristics of a BRC-based deployable structure will
vary from mission to mission, it is desirable to increase the frequency of the first mode
to the greatest extent possible without excessive sacrifice of the performance in other
areas.
2.2 Bistable Fibre-reinforced Composite Booms
BRC booms have the same geometry as a carpenter’s tape (Iqbal et al., 2000); however,
they also have a second stable configuration in their coiled state (see Figure 2.3a),
whereas a carpenter’s tape is stable only when extended (see Figure 2.3b). The bistable
fibre-reinforced booms can be lightweight. As well as this, there is no requirement for
massive hold-down mechanisms as a result of the booms’ ability to maintain a coiled
state during stowage. These properties make them attractive for space applications.
(a) Coiled stable state (b) Extended stable state
Figure 2.3: Carbon/epoxy BRC booms at two stable configurations (Wu et al., 2016b)
There are two ways to make a tube bistable; either by using a fibre-reinforced composite,
or by introducing a prestress in the structure. The fibre-reinforced plastic composites are
employed to construct bistable booms in this research. The key to the bistable behaviour
of BRCs is a particular type of composite layup construction (antisymmetric) discovered
by Daton-Lovett (2001), in which stiff fibres are at an angle to the longitudinal axis on
the outside of the layup to increase the torsional stiffness and the coupling between
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bending in the longitudinal and transverse directions (Iqbal et al., 2000).
The bistability and mechanical properties of bistable fibre-reinforced composite shells
have been studied many times previously (Daton-Lovett et al., 2000; Iqbal et al., 2000;
Lei and Yao, 2010; Zhang et al., 2013). In general, three approaches are widely used:
analytical models based on the minimum potential energy, numerical simulation meth-
ods such as finite element analysis to model the deformation of bistable shells, and
experimental approaches to observe the curvature changing. To capture the bistability,
materials and mechanics, the laminate layups and coiled diameter of a fibre-reinforced
composite shell structure are investigated.
2.2.1 Fibre-reinforced Composite Materials
Fibre-reinforced polymers generally consist of a reinforcement and a polymer matrix
(Etcheverry and Barbosa, 2012; Hahn and Tsai, 1980; Galletly, 2002). The reinforcing
material is in the form of fibres, while the matrix or resin is a bonding material sup-
porting the fibres. The load applied to fibre-reinforced composites is mostly carried by
the fibres, with the matrix acting as a protector. The most commonly used fibres in
the aerospace industry are glass and carbon. Thermosets and thermoplastics are typ-
ically used in the matrix. Thermosets are plastics that cannot be re-heated, such as
polyester and epoxy. Thermoplastics, such as nylon and polypropylene (PP), can be
re-processed.
The major advantages of composites are high resistance to corrosion, specific strength
and specific stiffness, which are conducive to space missions. A particular advantage
of using composites for this project is the ability to tailor the properties of materials
by aligning the fibres or orientation of the laminae. However, a significant drawback
of composites is the lack of ductility, which means that fibre-reinforced composites are
unable to take unexpected loadings in the same way as ductile materials such as met-
als (Galletly, 2002). Therefore, it is vital for designers to take all patterns of loadings
into consideration when fibre-reinforced composite materials are selected for their struc-
tures.
Braided fibres with improved inter-laminar shear properties are often used in bistable
structures, as it is possible to produce extremely long continuous plies with non-zero
fibre angles αi measuring from the longitudinal axis (0
◦ axis) as shown in Figure 2.4,
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and because it is easy to set the fibre angles to almost any value desired during manu-
facture.
0◦ fibre
90◦ fibre
αi fibre
Longitudinal axis
Figure 2.4: Definition of fibre orientation angle
2.2.2 Mechanics of Fibre-reinforced Composites
Capturing the material properties of thin fibre-reinforced composite plates is of great
importance. The constitutive equations that govern the stiffness of laminates are written
in contracted matrix form, as given in Nettles (1994):N
M
 =
A B
B D
 εo
κ

where [N ] and [M ] are the stress and moment resultant matrices. εo and κ are strain
and curvature change matrices in the middle surface of the laminate, respectively. For
a laminated fibre-reinforced composite plate, an [ABD] matrix could be expressed as:
Aij =
n∑
k=1
[Qij ]k(hk − hk−1) (2.1)
Bij =
1
2
n∑
k=1
[Qij ]k(h
2
k − h2k−1) (2.2)
Dij =
1
3
n∑
k=1
[Qij ]k(h
3
k − h3k−1) (2.3)
Consequently, the constitutive equations could be written in matrix form as:
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
Nx
Ny
Nxy
Mx
My
Mxy

=

A11 A12 A16 B11 B12 B16
A12 A22 A26 B12 B22 B26
A16 A26 A66 B16 B26 B66
B11 B12 B16 D11 D12 D16
B12 B22 B26 D12 D22 D26
B16 B26 B66 D16 D26 D66


εx
εy
γxy
κx
κy
κxy

[Qij ] is the i, j
th element in the [Q] matrix, and hk is the thickness of the k
th ply. The
[A] matrix, namely the extensional stiffness matrix with a unit of N/m, is the moduli
of elasticity that relates the normal stresses and strains, except for the A16 and A26
terms, which deal with the shear-normal stress and strain relationships. The [B] matrix
is the coupling matrix with the unit of N, and its elements relate plate curvatures with
normal stresses, besides B16 and B26, which relate twisting strains to normal stresses
and shear strains to bending stresses. [D] is the bending stiffness matrix that relates
plate curvatures to bending moments, and its unit is Nm.
For a symmetric laminate whose geometric midplane (also the neutral plane) of the plate
is a mirror image of the ply configuration above and below this midplane, all elements in
the [B] matrix will be zero. However, if the laminate is unsymmetrical, the [B] matrix
will contain nonzero terms, which implies a bending moment and potential curvature
will be induced due to the appearances of in-plane strains.
2.2.3 Laminate Layups
Although the bistable structures can be obtained by manufacturing an antisymmetric
layup with respect to the mid-surface (Iqbal et al., 2000; Galletly and Guest, 2004), the
[B] matrix normally has nonzero terms. This will introduce bending-torsion coupling to
form unstable BRC booms, which is unexpected when they are used as supporting struc-
tures. The bending-torsion coupling coefficients are intended to be avoided when design-
ing a bistable boom. The first method of achieving a bistable structure is to ensure that
the laminate layups are fully decoupled. For instance, [45◦/−45◦/−45◦/45◦/−45◦/45◦
/45◦/−45◦] is an eight-ply thermally and mechanically fully decoupled laminate that
makes functional BRC booms. 0◦ and 90◦ plies are usually put in-between to guarantee
null [B] matrices and D16 = D26 = 0 (no coupling between bending and twisting). How-
ever, the problem with this kind of layup is the increasingly nonlinear behaviour of the
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material at high strains. Thus, selecting appropriate fibre-reinforced composite materi-
als and laminate stacks is of great importance during the design of BRC booms.
2.2.4 Coiled Curvature Determination
Analytical models have been developed to understand the bistable characteristics (i.e.,
bistability and coiled diameter) of fibre-reinforced composite shells. The bistable or
multi-stable configurations correspond to two or more local strain energy minima. Iqbal
and Pellegrino (2000) generated an approximate equation of strain energy due to bending
and stretching regarding transverse and longitudinal curvatures for a fibre-reinforced
composite slit boom under pure bending. Equations for stretching strain energy (Us)
and bending strain energy (Ub) on the basis of CLT were derived. The strain energy
due to stretching and bending can be expressed as:
Us =
1
βR
A11
2
[
βR
2
κ2x
κ2y
+
sin(βRκy)
2
κ2x
κ3y
− 4 sin
2(βRκy/2)
βR
κ2x
κ4y
] (2.4)
Ub =
1
2
[D11κ
2
x + 2D12κx(κy −
1
R
) +D22(κy − 1
R
)2] (2.5)
So the total strain energy per unit area is given by:
U = Us + Ub (2.6)
The average total strain energy on curvature changes for a BRC boom with a particular
laminate layup can be plotted. For instance, the energy plot shown in Figure 2.5 indi-
cates two energy minima corresponding to the extended and coiled stable configurations.
Galletly and Guest (2004) then extended the bending model to a beam or shell model
with consideration of twisting terms, and the second equilibrium points are successfully
found for laminated shells with different layups.
To easily distinguish between the various behaviours exhibited by shells with anti-
symmetric, symmetric and isotropic layups, a new model to predict the bistability and
coiled curvature for booms was developed by Guest and Pellegrino (2006). This was
based on the observation that key features of interest could be captured by considering
the uniform and in-extensionally deformed configurations of the shells, referring to a
zero Gaussian Curvature (product of two principle curvatures). This model assumes
that the mid-surface of the shell does not stretch (Us = 0 and only Ub is considered),
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Figure 2.5: Energy plot with respect to various curvatures in both longitudinal and
transverse directions. There are two energy minima shown in the plot, representing two
stable equilibriums
and also that the bending experienced by the tube is uniform everywhere, which implies
that there is an underlying cylinder around which the shells are wrapped (Guest and
Pellegrino, 2006). As shown in Figure 2.6, a constant radius of the cylinder (1/C) and
an orientation angle (θ) relative to the cylinder are defined to describe the configurations
of a shell structure.
Figure 2.6: Initial (θ = 0◦) and second (θ = 90◦) stable configurations of shells wrapping
around the underlying cylinder
For a bistable cylindrical shell with any 1/C and θ, a Mohr’s circle in an x-y coordinate
system, shown in Figure 2.7, can be used to find its corresponded curvature (Calladine,
1989). The precondition for a shell to be bistable is that its Gaussian curvature, the
product of the two principle curvatures must approximately remain zero in both the
initial and final configurations. Therefore, κx = 0, κy = 1/R and κxy = 0 in its
initial equilibrium. R is the radius of the cylindrical shell. κx = (C/2)(1 − cos 2θ),
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κy = (C/2)(1 + cos 2θ) and κxy = C sin 2θ in its final configuration.
2θ
κx, κy
κxy/2
(0, 0) (1/C, 0)
(κy, κxy/2)
(κx, -κxy/2)
Figure 2.7: Mohr’s circle of curvature
Consequently, the changes of curvatures are expressed as:

∆κx
∆κy
∆κxy
 = C2

1− cos 2θ
1 + cos 2θ
2 sin 2θ
−

0
1
R
0

In the viewpoint of energy, a function of non-dimensional curvature Cˆ (Cˆ = CR) and
θ is derived by Guest and Pellegrino (2006) in order to acquire the energy minima that
correspond to stable states. The equation of non-dimensionalised average bending strain
energy per unit area is given as (Guest and Pellegrino, 2006):
Uˆ =
1
2
κˆT Dˆκˆ (2.7)
where
Dˆ =
D
D11
κˆ = Rκ =
CR
2

1− cos 2θ
1 + cos 2θ − 2CR
2 sin 2θ
 (2.8)
To determine equilibria, the non-dimensional strain energy equation is explored using
Taylor’s series expansion (Riley et al., 2006). The local energy change of Uˆ (δUˆ) can
be found by taking account of small variations in θ (δθ) and Cˆ (δCˆ). The equilibrium
configurations of a structure are located at the positions where the local energy change
slopes are 0, which means:
∂Uˆ
∂θ
= κˆT Dˆ
∂κˆ
∂θ
= 0 (2.9)
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∂Uˆ
∂Cˆ
= κˆT Dˆ
∂κˆ
∂Cˆ
= 0 (2.10)
Solving Equations 2.9 and 2.10, pairs of θ and Cˆ representing equilibria are determined.
However, not all of these values will give the structure stable configurations.
The stability of these equilibria is checked, and the following equations are considered
as essential requirements (Guest and Pellegrino, 2006):
∂2Uˆ
∂θ2
> 0 (2.11)
∂2Uˆ
∂Cˆ2
> 0 (2.12)
(
∂2Uˆ
∂θ2
)(
∂2Uˆ
∂Cˆ2
) > 0 (2.13)
According to Guest and Pellegrino (2006), terms D16 and D26 in the [ABD] matrix equal
0, implying that there are two equilibria for a laminate. The first one is the initial stable
state Cˆ = 1 at θ = 0◦, while another equilibrium appears when Cˆ = Dˆ12 = D12 / D11
at θ = 90◦, which referring to the second equilibrium configuration giving:
(Dˆ12)
2(4Dˆ66 + 2Dˆ12 − 2Dˆ22
Dˆ12
) > 0 (2.14)
Thus, the existence of the second stable state depends entirely on the sign of the second
bracket term in Equation 2.14. In other words, defining:
S = 4Dˆ66 + 2Dˆ12 − 2Dˆ22
Dˆ12
(2.15)
the structure is bistable if S > 0. The diameter at the coiled configuration can be
determined by:
Dc =
2D11
D12
R (2.16)
R is the initial radius of the boom measured to the midplane of the boom wall, and Dc
represents the coiled diameter at a stowed stable configuration. A strain energy contour
plot for a laminate with a braid layup of [±45◦/0◦/±45◦] displaying two equilibria is
generated in Figure 2.8.
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Uˆ = 0.21318
2θ = 0
2θ = pi/2
2θ = pi
2θ = 3pi/2
δ = 45◦
Cˆ = Dˆ12
Uˆ = 0
Cˆ = 1
Figure 2.8: Polar plot of the non-dimensional strain energy as a function of Cˆ and θ for
a braid layup of [±45◦/0◦/±45◦]. The two dots represent two stable locations (θ = 0◦
and θ = 90◦), while the two circles are unstable saddle points
2.3 Vibration Analysis of Shell Structures
The fibre-reinforced composite material mechanics, layup properties and coiled-up be-
haviours of BRC booms have been studied to understand the structural mechanics of
bistable booms. However, only a few published studies address the vibration char-
acteristics of a bistable fibre-reinforced composite shell. The BRC booms for space
applications are compactly stored during the launch phase and extended after orbital
injection. Understanding its deployed behaviour is as important as understanding its
coiled properties.
Initial efforts were made into investigating the first mode natural frequency of cylindri-
cal shell structures to understand the vibration characteristics of bistable booms. The
shallow shell theory (Leissa, 1973; Soedel, 2004; Den Hartog, 2013) and Rayleigh-Ritz
method (Cupia l, 1997) are generally used to analyse the natural frequencies and vibra-
tion modes for cylindrical shell structures. More details can be found in the available
literatures (Bert, 1977; Lee et al., 1983; Cupia l, 1997; Price et al., 1998; Chu and Lei,
2014; Chun and Lam, 1995; Feng et al., 2011). The theory of vibrations in cylindrical
pipes and open shells was reviewed by Price et al. (1998). Thin shell theory, Love’s
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theory, Donnell’s theory and an improved theory (first-order shear deformation shell
theory) were used to converge to solutions in the article by Price et al. (1998). Addi-
tionally, Price et al. (1998) studied the effect of shell curvature on thin shell equations of
motion, and explored various models of clamped-clamped shells evolving from a curved
plate to a pipe with a slit. Nevertheless, the bistable CFRP booms are much longer
and deeper than the cylindrical shell structures discussed in the above mentioned pa-
pers. For easier understanding, a very long, thin, bistable uniform boom with a small
deflection (satisfying the assumptions made for Euler beam theory) is considered as a
Euler-Bernoulli beam for vibration analysis at the initial phase.
2.3.1 Euler-Bernoulli Beam Theory
The equation for an Euler-Bernoulli beam subjected to a transient distributed load is
(Den Hartog, 2013):
∂2
∂x2
(
EI (x)
∂2w
∂x2
)
= −ρA(x)∂
2w
∂t2
+ p(x, t) (2.17)
where x is the distance from the beam root, E is Young’s modulus, I is the second
moment of area, w is the vertical displacement of the beam, ρ is the mass per unit
length of the beam, A is the cross-sectional area and p is a distributed load with units
N/m. For a free vibration Euler beam (p(x, t) = 0), the equation can be simplified to:
α2
∂4w
∂x4
+
∂2w
∂t2
= 0 (2.18)
where:
α =
√
EI
Aρ
(2.19)
This equation can be solved by using a Fourier decomposition of the displacement into
the sum of harmonic vibrations. One postulated solution is in the form of:
w(x, t) = T (t)R(x) (2.20)
where T (t) is the time varying component and R(x) is the spatially varying part of the
solution. Denoting the harmonic variable as ω2, the spatial component must satisfy:
d4R(x)
dx4
/R(x) =
ω2
α2
(2.21)
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The general solution for the above equation is:
R(x) = A1 sin(
√
ω
α
x) +A2 cos(
√
ω
α
x) +A3 sinh(
√
ω
α
x) +A4 cosh(
√
ω
α
x) (2.22)
where A1, A2, A3 and A4 are constants. These constants are unique for a given set of
boundary conditions. ω are the frequencies of the beam, while each of the displacement
solutions correspond to a mode and a mode shape that is the shape of the displacement
curve.
For a particular “roll-up” PV solar array coupled with two rigidly connected BRCs using
very stiff cross-link strips and cord links, the mass of the PV blanket can be combined
with the mass of the booms and distributed uniformly along their whole length. The
utilisation of strips and links improves the rigidity of the BRCs, which prevents some
single-boom torsional modes appearing. The first vibration mode of the solar array that
will most likely occur is the one involving a cantilever motion. Therefore, only the lowest
cantilever vibration mode is studied in this work. Initially analysing one boom instead
of the entire array structure is carried out for the purpose of reducing computing cost.
Considering the boundary condition for the boom, it can be modelled as a cantilever,
which means that the beam displacement and slope remain at zero at the fixed end, and
the bending moment and shear are zero at the free end. Thus, for a cantilevered beam:
w(0, t) = 0 (2.23)
∂
∂x
w(0, t) = 0 (2.24)
∂2
∂x2
w(L, t) = 0 (2.25)
∂3
∂x3
w(L, t) = 0 (2.26)
Combining these equations with the spatial varying displacement function, the non-
trivial solutions are found to exist only if:
cosh(
√
ω
α
L) cos(
√
ω
α
L) + 1 = 0 (2.27)
This equation has infinitely many solutions, but the first few are:√
ω
α
L = 1.8751 (2.28)
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√
ω
α
L = 4.6941 (2.29)
√
ω
α
L = 7.8548 (2.30)
√
ω
α
L = 10.99554 (2.31)
from which the frequencies of the various modes of the beam can also be determined,
though only the lowest frequency of the solar array is of interest in this work.
2.4 Vibration Optimisation of Shell Structures
The maximisation of the fundamental frequency of laminates has been intensively stud-
ied. The idea of maximising the natural frequency by arranging the lamination of
symmetric balanced angle-ply (SBAP) laminates based on practical feasibility and man-
ufacturing costs was first put forward by Bert (1977). He demonstrated that the natural
frequency of the SBAP laminate can be improved by carefully selecting the fibre orien-
tation angles within the lamina. Miki (1982, 1985) introduced the concept of lamination
parameters, which was then examined by Fukunaga et al. (1994) to maximise the fun-
damental frequencies of symmetric laminated plates. The lamination parameter optimi-
sation approach defining a set of geometric properties such as ply angles, the number of
plies, stacking sequences, and unit ply thickness as lamination parameters to represent
any laminate stack has been widely used. However, this approach is inapplicable to
hybrid fibre-reinforced composites as a result of its requirement that the material of the
ply remains the same through lamina (Hahn and Tsai, 1980).
In recent years, the layerwise optimisation approach (LOA) for maximising the funda-
mental frequencies of laminated composite plates or shallow cylindrical shells has been
proposed by Narita (2003); Narita and Hodgkinson (2005); Narita and Robinson (2006).
This approach took the orientation angles of fibres in each ply as variables and utilised an
iterative procedure to find out the best solution for the optimal natural frequency of the
whole laminate. However, judging from the current manufacturing situation, the calcu-
lated values for the ply orientation angles are difficult to assign. Betts (2012) developed
a stability constrained optimisation method with an objective function based on a ratio
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of laminate stiffnesses in two specified directions. More research related to the effects
of other types of uncertainty in the mechanical response of fibre-reinforced composite
structures has been conducted (Carre`re et al., 2009; Scarth et al., 2015, 2014; Allegri
et al., 2006; Brampton et al., 2013). Uncertain sources considered in fibre-reinforced
composite materials (Sriramula and Chryssanthopoulos, 2009; Mehrez et al., 2012; Cec-
chini and Weaver, 2002; Brinkmeyer et al., 2016) include material-property variability
resulting from indeterminate fibre and matrix properties, geometric aspects at macro-
scopic level, and the manufacturing process itself (Jiang et al., 2015). The uncertainty
in fibre angle of each ply of a fibre-reinforced composite laminate is a significant concern
in its dynamic response.
The variables that impact the natural frequency of a laminated cylindrical shell struc-
ture, in theory, could be summarised as: fibre-reinforced composite material properties,
stacking sequences of a laminate, fibre orientation angle, and geometry of the shells.
Efforts are put into understanding the sensitivity of vibration characteristics to ply
misalignment, geometry, and thickness distribution in this section.
2.4.1 Sensitivity to Ply Misalignment
According to Gubran and Gupta (2005), the stacking sequence had an effect on the nat-
ural frequency of fibre-reinforced composite shafts. During manufacturing, the stacking
sequence (Gubran and Gupta, 2005), fibre orientation, ply misalignment (Feng et al.,
2011), temperature and humidity deviation will affect the performance and quality of a
laminate. The layup sequence and orientation have also been proven to be influential
to the natural frequency of the laminates, which has been determined using the finite
element software Nastran. As well as this, Feng et al. (2011) detected that the change of
natural frequency due to a 0◦ fibre layup angle misalignment was much larger than a 90◦
fibre layup angle misalignment. Thus, great attention should be placed on inspecting
the precise alignment of fibres in the 0◦ direction.
It is known that the longitudinal modulus is at a maximum for the 0◦ ply angle and
inversely proportional to the increment of the ply angle, reaching its minimum value
when the ply angle is 90◦. For this reason, different natural frequencies will arise when
the 0◦ and 90◦ ply angles are placed in different locations within the layup. In Gubran
and Gupta (2005), the natural frequency was found to be at the maximum value when
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the 0◦ ply was aligned at the outermost position, and at the minimum value for con-
figurations in which the 90◦ ply was placed at the outermost position. Similarly, the
positions of different ply angles along the thickness of a laminate will affect the natural
frequencies. Accordingly, the natural frequency could be increased by placing the 0◦ ply
towards outer locations.
2.4.2 Geometry Effect
According to Gere and Timoshenko (1997), the lowest eigenfrequency of a “cantilevered”
Euler-Bernoulli beam can be expressed as:
ω =
1.87512
L2
√
EI
Aρ
(2.32)
where ω is the vibration frequency, L represents the boom length, E denotes Young’s
modulus, and I, A and ρ are the second moment of area, cross-sectional area and
material density per unit length, respectively. In this beam theory, the natural frequency
is inversely proportional to L2, which means that the slope of the logarithmic graph
plotting the natural frequency as a function of the beam length is a constant of -2. A
finite element simulation will be carried out to determine whether BRC booms have
similar dynamic characteristics. As illustrated in Figure 2.9, for an open section BRC
boom with a radius of curvature R, a wall thickness t, included angle β and a longitudinal
slit h in width, the longitudinal second moment of area can be derived as a function
of R, t and β. For a fibre-reinforced composite, the E value can be estimated using
the longitudinal stiffness A11 and the flexural stiffness D11 of the ABD matrix. Thus,
the equivalent bending stiffness EI can be derived using thin walled approximation
(Fernandez, 2014) as follows:
γ = (2× pi − β)/2 (2.33)
Ixx = R
3 × t× (((pi − γ)2 + cos(2× γ)− 1)/(pi − γ)− sin(2× γ)/2) (2.34)
EI = A11/t× Ixx +R×D11 × (pi − γ − 0.5× sin(2× γ)) (2.35)
Where γ is half of the excluded angle of the BRC cross-section, and Ixx is the second
moment of area about the x axis. Once the bending stiffness is determined, the natural
frequency of the boom can be calculated using Equation 2.32.
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γ
Figure 2.9: BRC boom cross-section. β is the included angle, γ is half of the excluded
angle, t is the boom thickness, R denotes the initial radius measured to the midplane of
the boom wall, h is the slit width, and x and y are the axes of the cross-section
2.4.3 Thickness Effect
A few researchers have studied the effect of the thickness distribution of a shell struc-
ture on the natural frequency (Tonin and Bies, 1979; Suzuki et al., 1982; Sivadas and
Ganesan, 1991; Brampton et al., 2013). Tonin and Bies (1979) analysed free vibration
characteristics for a shell with a linearly varying thickness. Suzuki et al. (1982) were
interested in the axisymmetric vibration of cylindrical shells with variable thicknesses.
In general, four types of axial thickness variations: linear symmetric, linear asymmetric,
quadratic symmetric and quadratic asymmetric (Sivadas and Ganesan, 1991), shown as
Figure 2.10, have been well studied. For short shells with a clamped-clamped bound-
ary condition, the improvement of the natural frequency is more appreciable when the
thickness difference is increased, and symmetric variation in the mid-length of the shell
is efficient at improving the natural frequency. Xiang and Wang (2002) derived ex-
act buckling and vibration solutions for stepped rectangular plates. Nevertheless, BRC
shells with these types of thickness distributions are difficult to manufacture at the
current technology level.
2.5 Stability Analysis of Shell Structures
The geometric and lamination properties have a significant impact on the vibration
characteristics of extended BRCs, and they may also affect the load-taking capability,
due to the stiffness variation. Vibration and buckling modal analyses for cantilevered
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(a) Linear symmetric thickness
distribution
(b) Linear asymmetric thickness
distribution
(c) Quadratic symmetric thick-
ness distribution
(d) Quadratic asymmetric thick-
ness distribution
Figure 2.10: Thickness variation profiles
shell structures have been classic topics for understanding their structural mechanics.
For a satellite attached with two flexible solar panels that are rigidly and symmetrically
attached (see Figure 2.11), an analysis of the stability of deployed appendages is nec-
essary for the purpose of making a balanced choice between the vibration response and
the strength, which can then inform future design trade-off studies.
Figure 2.11: A simple diagram showing an imaging satellite coupled with symmetrically
deployed solar panels. This coordinate system is used through the whole thesis
The stability of thin shell structures subjected to various types of loads has been inten-
sively studied (Kane et al., 1987; Laudiero and Zaccaria, 1988; Li, 1996; Pi and Brad-
ford, 2001; Liew et al., 1996), and the buckling of cylindrical shells subjected to axially
compressive loads has been well-characterised (Southwell, 1914; Karman, 1941; Morgan
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et al., 1965; Kim and Kim, 2002). The initial buckling and post-buckling behaviour of
a thin cylindrical shell under an axial compressive load, including imperfections, have
also been investigated (Budiansky, 1974; Shen and Chen, 1991). Finally, the static in-
stability of shell structures under bending has been examined (Ju and Kyriakides, 1992;
Molyneaux and Li, 1996; Kyriakides and Ju, 1992). Some attempts to construct com-
prehensive theories to deal with spinning beams or beams attached to a moving base
have been performed. For example, Benedetti (1979) derived the equations of motion
for an Euler-Bernoulli beam with a constant circular cross-section subjected to specified
angular and translational accelerations. However, his work precluded the application
of analysing the motions of open section beams, such as STEM booms (Kane et al.,
1987). The BRC booms functioning as the primary supporting structure in the deploy-
able solar array are slit tubes, which are in the same category as the STEM booms.
An algorithm to predict the behaviour of a cantilevered beam built into a rigid body
undergoing specified rotational and translational motions was created by Kane et al.
(1987).
For a space-based imaging satellite (see Figure 2.11) that requires agility in manoeuvring
between image collection attitudes (King and Karpenko, 2016), synchronized rotations
about the axes of the body frames are utilised to achieve an optimal control of the
time-optimal (shortest-time) attitude manoeuvre trajectories. The time-optimal control
problem has been extensively studied, due to its dramatic impact on the productivity
of imaging satellites during the manoeuvring time (Fleming et al., 2010). A typical
rotation of a rigid body from one attitude to another is an eigenaxis manoeuvre that
has the minimum angular distance between the two attitudes, which is a rotation about
a fixed axis (King and Karpenko, 2016). Consequently, the dynamics of the spacecraft
and extended BRCs performing a manoeuvre is of importance to investigate.
2.5.1 Conventional Spacecraft Manoeuvring
For an arbitrary eigenaxis manoeuvre, a typical bang-bang manoeuvre, as illustrated
in Figure 2.12, can be implemented by applying an angular acceleration, using a single
torque actuator located at the centre of the rigid central body, for half of the total
manoeuvre time and the maximum deceleration for the remainder. The angular accel-
eration, as shown in Equation 2.36, is directly proportional to the applied torque, while
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inversely proportional to the moment of inertia about the given manoeuvre axis.
a =
Tq
Im
(2.36)
where a is the angular acceleration, Tq is the torque and Im is the moment of inertia.
Thus, the maximum angular acceleration can be obtained by increasing the applied
torque for any given axis and decreasing the moment of inertia about that axis. The
bang-bang acceleration profile, shown in Figure 2.12a, causes a linear increase and de-
crease in the manoeuvring rate (see Figure 2.12b). The minimum time for an eigenaxis
manoeuvre from one image-collection region to another is determined by the equation
as follows (Fleming et al., 2010):
tmin =
√
4Im∆θ
Tq
(2.37)
The rest-to-rest manoeuvre about the eigenaxis is limited by the maximum angular
acceleration that can be generated from the torque capability of the spacecraft control
authority. An achievable maximum angular acceleration around any given axis has
to be defined, in order to guarantee that all manoeuvres are dynamically feasible to be
executed on the spacecraft (King and Karpenko, 2016). Since the manoeuvring rate and
position trajectory can be found by integrating the maximum angular acceleration over
time, the total bang-bang manoeuvre time is computed using Equation 2.38 (Fleming
et al., 2010).
tBB =
√
4θ
a
(2.38)
2.5.2 Dynamic Stability Criterion for Shell Structures
In order to understand the dynamic stability of cantilevered booms subjected to bending
resulting from conventional spacecraft bang-bang manoeuvres, a numerical analysis to
evaluate the influence of the applied angular acceleration on the dynamic performance
can be performed. When an extended cantilever BRC is subjected to bending, initially
the boom will not fail for a sufficiently small angular acceleration, due to the insufficient
bending moment (Seffen et al., 2000). As the bending moment increases, the boom
snaps and loses its stability.
For the purpose of estimating the critical load amplitude of angular acceleration, a
dynamic stability criteria survey was conducted. The Volmir (Volmir, 1974; Kubiak,
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Figure 2.12: Illustration of a bang-bang eigenaxis manoeuvre
2007) and Budiansky-Hutchinson criteria (Budiansky, 1974; Ko lakowski, 2007; Teter
and Kolakowski, 2013; Mania, 2011) are well-known for determining the critical load
for plates and shells. The Volmir criterion states that stability loss occurs when the
maximum deflection of the plates is equal to a fixed value of half or one plate thickness.
This criterion was formulated for a thin plate subjected to in-plane compressive loading
with different pulse shapes. Budiansky (1974) formulated a criterion for shell structures,
which states that “dynamic stability loss occurs when the maximum deflection grows
rapidly with the small variation of the load amplitude”. The Budiansky-Hutchinson
criterion is used in this thesis to determine the maximum angular acceleration that
booms can sustain before instability occurs.
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Chapter 3
Bistability and Vibration
Analysis of BRC Booms
BRC booms as shown in Figure 2.3 possess the properties of being stable in both ex-
tended and coiled configurations. This behaviour makes BRCs suitable candidates for
use in a variety of deployable structures for space applications. However, for in-orbit
operation, “the lowest eigenfrequency of the deployed structure must be greater than
the operating frequencies of the satellite Attitude and Orbital Control System (AOCS)”
(Viquerat et al., 2013b). Thus, one of the main challenges in using BRC booms for very
large deployable structures is maintaining a sufficiently high natural frequency. One
proposed possible application for BRC booms in space is a deployable “roll-up” PV so-
lar array (see Figure 3.1a) consisting of two BRCs and a flexible PV cell-covered blanket
in between. This structure essentially consists of two parallel cantilever beams side by
side. The natural frequency of the BRC-supported “roll-up” solar array is found to
decrease dramatically with the increase in boom length (Viquerat et al., 2013b). Thus,
it is of great interest to look into ways of improving the natural frequency for very long
BRCs in order to develop large size “roll-up” PV solar arrays, and understanding the
scaling law. Only limited references available in the literature focus on the vibration
behaviour of extremely long bistable shell structures. These facts have motivated the
author to explore feasible approaches to improving the natural frequency while retaining
the structural mechanics for large size “roll-up” PV arrays.
The design parameters involved in the BRC boom include: material stiffness, boom
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(a) Deployable “roll-up” PV solar ar-
ray developed for DeployTech Daton-
Lovett (2013)
BRC tube
Cross-link strip
Cord linkage
(b) Assembly of a deployable “roll-
up” solar array with no PV blanket in
ABAQUS
Figure 3.1: Deployed “roll-up” PV solar array
length, boom diameter, wall thickness, composite stacking sequence and fibre orientation
angles, which have been shown to influence the structural mechanics as well as the
vibration characteristics. For this reason, careful design of these parameters is crucial
to achieving bistable booms with higher stiffness, along with a higher natural frequency.
In this chapter, the bistability of BRC booms is analysed, and the development of more
feasible methods of improving the natural frequency are also proposed.
3.1 Bistability Analysis
In order to study the bistable behaviour of BRCs several assumptions were initially
made, so that the structural and dynamic characteristics of BRC booms can be reason-
ably estimated. The composite materials and laminate layups are selected to alter the
bending stiffnesses of the structure, by using a particular type of laminate construction.
The analytical model used to capture the bistability and to determine the diameter of
a boom at the coiled stable state is briefly outlined.
3.1.1 Assumptions
A simple sketch of the BRC boom cross-section is shown in Figure 2.9. The BRC boom
model is based on the following assumptions:
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1) Although curved, the laminate used in the BRCs is assumed to be sufficiently thin
for its behaviour to be well represented using CLT (Nettles, 1994).
2) A single braid ply is modelled as two unidirectional (UD) plies, each taking half of
the properties.
3) All braid plies have the same material properties.
4) The BRC boom properties do not change along the length (no change in braid angles,
volume fractions or number of plies).
3.1.2 Composite Materials and Laminate Layups Selection
From literature, it is well known that the structural and dynamic characteristics of BRCs
are very sensitive to the material properties of the laminates used in their construction.
For instance, carbon fibre has a higher stiffness and strength, as well as a lower mass
density, than glass fibre. Additionally, braid fibres are often used in the production of
BRCs as a result of the efficiency in setting the desired fibre angles and producing ex-
tremely long booms. Glass/PP (polypropylene) braid with material properties acquired
from the data sheet (see Appendix A) and carbon/epoxy properties referenced from Fer-
nandez (2014) are listed in Table 3.1 and Table 3.2, respectively. These properties will
be implemented into the ABAQUS numerical model to compute the laminate stiffness.
In this study, the BRC booms analysed must be extremely flexible, so even with very thin
plies, BRC booms rarely consist of more than six to eight plies. For practical purposes,
only BRC booms with fewer than six plies are considered. Gubran and Gupta (2005)
and Feng et al. (2011) proved that the laminate layups and fibre orientation angles affect
the natural frequency of structures. The 0◦ ply angle has the maximum longitudinal
Table 3.1: Material properties of Glass/PP
Materials E1
(GPa)
E2
(GPa)
ν12 G12
(GPa)
G13
(GPa)
G23
(GPa)
t
(mm)
ρ
(kg/m3)
±45◦ half-braid ply 14 2 0.4 0.695 0.695 0.7 0.22 1480
UD ply 28 4 0.4 1.39 1.39 1.4 0.25 1480
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Table 3.2: Material properties of half-carbon/epoxy-braid and UD plies
Materials E1
(GPa)
E2
(GPa)
ν12 G12
(GPa)
G13
(GPa)
G23
(GPa)
t
(mm)
ρ
(kg/m3)
±45◦ half-braid ply 66.81 3.705 0.278 2.471 2.471 2.471 0.046 1480
UD ply 77.372 4.9 0.309 3.293 3.293 3.293 0.057 1000
modulus, whereas conversely, the 90◦ ply angle has the minimum longitudinal modulus
but maximum transverse modulus. Moreover, the natural frequency will increase when
the 0◦ ply moves from the inner to the outer position of the laminate. Therefore, the
0◦ ply will be put towards the outer ply in constructing the laminates for the proposed
BRCs, while the ±45◦ braid will be used to balance the coupling coefficient between
bending and torsion. The laminated Glass/PP BRC booms consist of four layers: two
braided plies and two UD plies. The layup angle and stacking sequence stacking from
the outermost to the innermost layer is [±45◦/0◦/90◦/±45◦] (“◦” is omitted hereafter).
The [ABD] matrix of this laminate can be expressed as:
107×

1.2761 0.417 0 0.0001 0 0
0.417 1.2761 0 0 −0.0001 0
0 0 0.3937 0 0 0
0.0001 0 0 0 0 0
0 −0.0001 0 0 0 0
0 0 0 0 0 0

The [B] and [D] matrices are approximately zero compared to the [A] matrix, which
means the bending-extension and bending-torsion couplings for this particular layup
are negligible. According to Guest and Pellegrino (2006), this laminate will give a
second stable configuration. The ±45 braid eliminates the coupling effect for a bistable
structure. The laminates in this work are so thin that the bending stiffness is determined
almost entirely by the geometry of the section and the longitudinal stiffness of the
laminate. In this thesis, the bending stiffness is calculated only using the longitudinal
stiffness (A11) of the [ABD] matrix (Irwin et al., 2010).
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3.1.3 Coiled Curvature Determination
Once the material properties and laminate stacking sequences for the BRCs have been
identified, then it is of great importance to determine their coiled curvatures for the con-
sideration of its deployment mechanism or its housing. Regarding a pure bending model
(Iqbal et al., 2000), the average total strain energy for the particular braided Glass/PP
BRC with the laminate layup [±45/0/90/±45] is plotted in Figure 3.2 as a function of
the curvatures. This contour plot captures two stable states with minimum strain en-
ergy, where curvatures in longitudinal and transverse directions equal zero, respectively.
From this energy plot in Figure 3.2 the coiled radius at zero transverse curvature can
be roughly estimated, which is approximately 1.56 times the initial radius.
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Local minimum, U =0.1166
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Figure 3.2: Energy plot with respect to various non-dimensional curvatures in both
longitudinal direction, κx × R, and transverse direction, κy × R. Zero κx is located
around the point where κy×R equals 1, representing that the curvature in the transverse
direction is the initial radius of the Glass/PP BRC boom.
A simplified approach to determining the boom radius of the coiled state is achieved
by using the polar plots based on the non-extensional model developed by Guest and
Pellegrino (2006). The procedures used to generate a polar plot for a laminate have been
discussed in Chapter 2. The plot for the Glass/PP braided laminate stacking sequence
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[±45/0/90/±45] is illustrated in Figure 3.3.
Cˆ = Dˆ12
2θ = pi/2
2θ = 3pi/2
2θ = 02θ = pi
Uˆ = 0.29351 Uˆ = 0
Cˆ = 1
Figure 3.3: Polar plot indicating contours of the non-dimensional bending strain energy
for a braided Glass/PP laminate stacking sequence [±45/0/90/±45]. In the polar plot,
the non-dimensional average bending energy minima ( Uˆ = 0 and Uˆ = 0.29351), repre-
senting the stable curvatures at Cˆ = 1 and Cˆ = Dˆ12 = D12 / D11 are displayed as solid
dots, while unstable equilibria are shown as circles; the contour lines are separated by a
constant, δUˆ = 0.05
The stable coiled diameter when θ = pi/2 can be determined using Equation 2.16, which
depends on the initial radius of curvature R and the laminate stiffness properties. For the
laminate specifically discussed here, the radius at the coiled configuration is 1.55 times
the initial radius (see Figure 3.3). The similarity with the coiled radius determined using
the bending model (Iqbal and Pellegrino, 2000), which is approximately 1.56 times the
initial radius, shows a reasonable estimation of the non-extensional model.
3.2 Finite Element Approach
Finite element modelling, a method to deal with linear and nonlinear analyses of small
and larger deformations, is widely used in the engineering field. The complete process of
rolling up an anti-symmetric composite shell, for the purpose of capturing its two stable
configurations to get insights into the structural mechanics of anti-symmetric laminated
shells, has been conducted (Iqbal et al., 2000).
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For most BRC geometries, the fundamental frequency of a deployed boom used in the
solar array with fixed-free boundary conditions most likely corresponds to a simple up-
down “cantilever” mode, in which the motion of the boom tip occurs only within the x−z
(see Figure 2.9) plane (Thornton and Kim, 1993). Note that the lowest frequency mode
of a single BRC may, in fact, be a side-to-side, rather than up-down cantilever mode: see
Section 4.5.2. The deployable “roll-up” PV solar array studied herein was constructed
with two symmetric BRCs that were connected by cross-link strips and linkage cords
to prevent the side-to-side vibrations. The natural frequency of a deployed BRC can,
in some cases, be predicted with accuracy using a simple beam model. However, to
ensure accuracy across a range of BRC geometries, a finite element (FE) method was
used to perform the modal analysis: first on individual extended BRC booms, then
on a deployed solar array structure. A finite element approach like this has been used
for this type of modal analysis in the past (Viquerat et al., 2013b). The composite
model was implemented in ABAQUS 6.14, using a linear perturbation approach to
computing the free vibration frequencies of extended fixed-free BRC booms, with the
Lanczos algorithm available in ABAQUS/Standard solver (ABAQUS, 2014). The fibre
angle of each ply is used to compute the lamina stiffness ([ABD] matrix (Nettles, 1994)).
Since the interaction between the extensional and bending stiffness of the boom has a
significant effect on the overall structural behaviour, a thin shell element was selected
to mesh the boom model. A robust quadrilateral four-node reduced integration shell
element (S4R5) with five degrees of freedom, which adopts reduced integration was
selected due to its better performance in modelling shell structures with large rotations
and only small strains. The mesh density and total number of elements were determined
by a convergence study using FE analysis for mesh grids with different mesh refinement
levels. During the mesh refinement, the relative errors for the natural frequencies were
computed as the percent differences between the current values and the previous trial
run. The calculation was considered to be convergent and the mesh grid was accepted
when the relative errors were less than 1%.
3.3 Vibration of Constant Thickness BRC Booms
The vibration characteristics of constant thickness and uniform BRC booms proposed
is analysed in this section. The Euler-Bernoulli beam was initially taken as a surrogate.
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The FE method was then applied to compute the natural frequencies of constant thick-
ness BRC booms with different design parameters, which could be summarised as boom
geometries (L, R, t and β seen in Figure 2.9), composite material properties, stacking
sequences of laminates, and fibre orientation angles.
3.3.1 Euler-Bernoulli Beam Theory Validation
The extended BRC booms can be simplified as cantilevered beams, and Equation 2.32
is applicable for calculating the natural frequency. In order to validate the reliabil-
ity of this simplification, the FE approach is considered as a comparison. The boom
radius, included angle and laminate stacking sequence were set to 38 mm, 352◦ and
[±45/0/90/±45], respectively. The Glass/PP with material properties given in Table 3.1
was implemented in the FE model. The results of natural frequencies from beam theory
(see Equation 2.32) and finite element simulation are given in Figure 3.4. Here it can be
seen that: the natural frequency f ∝ L−2; fbeam−theory and fsimulation agree with each
other better for longer booms than shorter ones, while the natural frequency estimated
in beam theory is approximately 10% higher than the values computed. Thus, it is
reasonable to simplify long BRC booms in the “roll-up” PV solar array as cantilevered
Euler-Bernoulli beams.
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Figure 3.4: Natural frequency as a function of boom length. The green line describes the
natural frequency in beam theory, and the yellow line illustrates the natural frequency
from ABAQUS in terms of boom length
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3.3.2 Analysis of Geometric Properties
The geometric properties of BRCs as shown in Figure 2.9 include the boom length L,
the initial radius R, the included angle β and the thickness t, in which t is determined
by the number of plies within the composite laminate and the thickness of a single ply.
In this section, an analysis regarding the geometric variables (L, R, β and t) within
the laminate stacking sequence [±45/0/90/±45] was conducted. The FE method is
employed to parametrically study the vibration characteristics of Glass/PP BRC booms
using the Simple Variable Method. A mesh density involved 150 elements lengthwise by
20 elements around the circumferential cross-section of BRCs was chosen to achieve a
better convergence. The plots demonstrating the natural frequencies as functions of the
geometric variables are illustrated in Figure 3.5, from which, it can be seen that a
Glass/PP BRC boom with a larger radius and a deeper included angle has a
higher natural frequency for this specific laminate stacking sequence.
3.3.3 Analysis of Fibre-reinforced Composite Materials
The properties of fibre-reinforced composites depend on the reinforcement and fibres
chosen to construct a laminate. The material properties of Glass/PP given in Table 3.1
and carbon/epoxy given in Table 3.2 are utilized to find out how the material properties
affect the natural frequency. For this analysis, more slender booms that can be bent into
a large toroid of uniform curvature are designed to eliminate overlaps of the free edges
(Rimrott, 1966b). In addition, the analysis of booms’ geometric properties in Section
3.3.2 shows that booms with larger radii and deeper included angles yield higher natural
frequencies. Thus, the boom length, boom radius and boom included angle are set to
3 m, 38 mm and 352◦, respectively. The natural frequencies of BRCs consisting of
Glass/PP and carbon/epoxy with various laminate stacks are given in Table 3.3.
Table 3.3: Natural frequencies of BRC booms with different laminate layups.
Laminate layup [±45/0/90/±45] [±45/0/±45] [±45/90/±45] [±45/±45]
NF of Glass/PP BRCs (Hz) 3.81 3.80 2.62 2.07
NF of carbon/epoxy BRCs (Hz) 7.04 6.76 4.89 3.90
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3.3.4 Analysis of Braid Angles
An analysis of the effect that altering the braid fibre angles (αi) within a laminate has on
the natural frequency, the bistability and the coiled diameter of both long and slender,
and relatively short BRCs is presented. The laminates’ stiffness is also investigated,
followed by a discussion of the sensitivity of the natural frequency and the coiled diameter
to potential small fibre misalignments encountered during manufacture.
To understand the effect of varying the braid angles on the coiled diameter, the bista-
bility, and the cantilever frequency of BRC booms at the extended configuration, long
slender carbon/epoxy BRC booms (see Table 3.4) consist of some braided plies, and a
number of unidirectional plies oriented with the fibres along the longitudinal axis (0◦)
were chosen for the analysis. According to Tate et al. (2006), the maximum and mini-
mum typically allowable braid angles are taken to be 75◦ and 15◦, respectively. Their
properties are investigated over the entire allowable braid angle range. Contour plots
illustrating the cantilever frequency, coiled diameter and stability as functions of braid
angles are shown in Figure 3.6, in which the cantilever frequency contours are symmetric
in α1/α2. In particular, for B3 the natural frequency, coiled diameter and stability con-
tours are all symmetric about α1 = α2 (see Figure 3.6c). For the same values of α1 and
α2 in these three plots, the cantilever frequency of B2 is always higher than B1 and B3
due to the introduction of a UD ply. B1 only has a slightly higher cantilever frequency
than B3 due to the mass addition accompanying the increasing number of plies.
Table 3.4: Laminate specifications and geometry of BRC booms used to investigate the
effects of braid angles within different laminate stacking sequences. The number of mesh
elements is for the individual boom model in ABAQUS
BRC boom properties
Boom
No.
Stacking sequence Length
(m)
R
(mm)
β (◦) No. of S4R
elements
B1 [±α1/±α2/±α2/±α1] 5.1 38 345 3000
B2 [±α1/±α2/0/±α2/±α1] 5.1 38 345 3000
B3 [±α1/±α2] 5.1 38 345 3000
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(a) Extended BRC boom with an initial radius
of 38 mm and included angle of 352◦ modelled
as a three deformable shell structure. The nat-
ural frequency of the BRC boom is plotted as a
function of the boom length, in which the natu-
ral frequency decreases to the power of −2 as the
boom length increases
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(b) Initial radius of an extended BRC boom is
taken as a variable, while the boom length and
included angle are assigned to 3 m and 352◦, re-
spectively. The natural frequency plotted as a
function of initial radius is illustrated, where the
natural frequency increases in proportion to the
boom radius
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(c) A 3 m long BRC boom with a radius of 38 mm
is modelled to investigate the effects of included
angle on the natural frequency of extended BRCs.
The plot shows that increasing the included angle
will improve the natural frequency.
Figure 3.5: Plots of natural frequencies of extended Glass/PP BRC booms as functions
of individual design parameters
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Figure 3.6: Contour plots of cantilever frequency, stability and coiled diameter as func-
tions of braid angles for BRCs in Table 3.4. For each case, only a single coiled diameter
contour (Dc = 80 mm) is shown for clarity. The region enclosed by the S = 0 contour
indicates the range of braid angles for which a second stable state exists
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As shown in Figure 3.6, the frequency contours for B1, B2 and B3 are symmetric about
α1 = α2. In other words, the α1 and α2 plies are interchangeable. To investigate the ply
location’s effect further, the α1 and α2 braid plies within laminates of B1 (Table 3.4),
B4 and B6 (Table 3.5) are swapped. The results are given in Table 3.6, where the
natural frequency variation can be seen to be very small for slender or shallow booms
(B1 and B6), but much larger for the short and deep boom (B4). The coiled diameter
is significantly affected by changing the ply locations for all booms.
Table 3.5: Laminate specifications, geometries and number of mesh elements in
ABAQUS for short BRC booms. These were chosen to study the effects of boom geo-
metric properties on the vibration performance
BRC boom properties
Boom No. Stacking sequence L (m) R (mm) β (◦) No. of S4R elements
B4 [±α1/±α2/±α2/±α1] 1.0 38 345 1500
B5 [±α1/±α2/±α2/±α1] 1.0 25 345 1500
B6 [±α1/±α2/±α2/±α1] 1.0 38 137.5 1000
B7 [±α1/±α2/±α2/±α1] 1.0 25 353 1500
Table 3.6: Effect of swapping α1 and α2 plies within a laminate stacking sequence
[±α1/±α2/±α2/±α1] on their natural frequencies and coiled diameters
BRC boom properties Braid angles (◦)
Boom label L (m) R (mm) β (◦) α1 α2 Dc (mm) NF (Hz)
S1 5.1 38 345 60 26 80 2.17
S2 5.1 38 345 26 60 303.20 2.17
S3 5.1 38 345 55 35 75.42 1.7
S4 5.1 38 345 35 55 168.06 1.7
S5 1.0 38 345 60 26 52.49 28.36
S6 1.0 38 345 26 60 198.95 19.82
S7 1.0 38 137.5 60 26 80 8.51
S8 1.0 38 137.5 26 60 303.20 8.21
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For the purpose of achieving a better understanding of the effects of braid angle variation
on the dynamic response of extended BRC booms, a set of BRCs with different geomet-
ric properties (given in Table 3.5) were analysed. The shorter booms show a greater
variety of modal shapes at the lower end of the frequency scale, occasionally making the
cantilever mode difficult to distinguish. This may be due to the laminate’s longitudinal
and flexural stiffness changes with combinations of α1 and α2, which is investigated in
Section 3.3.5. The contour plots of cantilever frequency as a function of α1 and α2
in Figure 3.7a and Figure 3.7b indicate that the dynamic response of shorter booms
is not symmetric in α1/α2, as those of longer booms appears to be. This is because
transverse bending stiffness plays a larger role in determining the cantilever frequency
in short booms due to cross-sectional deformation effects (see Figure 3.7d), especially
in those booms with larger included angles (Cecchini and Weaver, 2002). Reducing the
included angle restores this symmetry to a large extent (see Figure 3.7c). The mismatch
between the clamped boundary condition at one end of the boom and the free condition
at the other is more noticeable in the shorter booms. The asymmetry of the frequency
contours in Figure 3.7a and Figure 3.7b indicates that the locations of the α1 and α2
plies within the laminate stack will impact the natural frequency and vibration modes
of relatively short booms.
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Figure 3.7: Frequency plots as a function of braid angle, and a visualization of the
boom cross-section deformation. The black lines in Figures (a), (b) and (c) represent
the natural frequencies (Hz) involving the cantilever mode for booms B4, B5 and B6
from Table 3.5; Figure (d) shows a (highly exaggerated) typical change in the shape of
the cross-section of the free end of B5. The importance of the D22 term in this mode is
especially clear
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3.3.5 Effects of A11, D11, D22 and Dc
In some cases, a good approximation of the natural frequency of an extended BRC can
be obtained by taking the A11 term for longitudinal stiffness, and using it to estimate the
first vertical bending mode from the Euler-Bernoulli beam theory (see Equation 2.32).
After using Equation 2.32 initially, it was discovered that the A11 term is not always
sufficient to fully capture the modal behaviour of an extended BRC, particularly for
short BRC booms with a deep included angle. In this section, the stiffness terms A11,
D11 and D22 are investigated to determine their individual effects on the cantilever
frequency. An FE model is used to determine the modal frequencies. B7 from Table 4.1
was chosen for the investigation.
In the first instance, a constant longitudinal stiffness A11 = 1.0869 × 107 N/m was
selected to investigate the impact of D11 on the natural frequency. Combinations of
the braid angles α1 and α2 which keep A11 constant were calculated using the Newton-
Raphson method, and these values were substituted into both the beam theory and
the ABAQUS numerical model to calculate the cantilever frequency. The results, along
with the braid angles α1 and α2, are plotted as functions of D11 in Figure 3.8a. In
this plot, D11 increases as α1 decreases and α2 increases. The frequency estimated by
Equation 2.32 remains constant at 43.73 Hz due to the constant longitudinal stiffness,
while the natural frequency computed in ABAQUS clearly varies substantially with D11.
The high disparity between beam theory prediction is not always sufficient for frequency
analysis of cantilevered extended BRC booms, and that the cantilever frequency of BRC
booms is not dependent only on longitudinal stiffness.
Secondly, a constant flexural stiffness D11 = 0.0686 Nm was chosen to investigate the
impact of braid angles α1 and α2 on A11 and the cantilever frequency. Numerical
models with pairs of braid angles resulting in a constant D11 were run in ABAQUS. The
computed frequency and braid angles are plotted as functions of A11 in Figure 3.8b,
in which A11 increases with increasing α1 and decreasing α2. There is less variation in
the α1 values than α2 calculated in this case. The frequency drops with increasing A11
initially and then increases. This indicates that the flexural stiffness is also of importance
in determining the dynamic response.
Next, a constant circumferential bending stiffness D22 = 0.1144 Nm was considered
to explore the effect of braid angles α1 and α2 on A11 and the cantilever frequency.
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Numerical models with combinations of α1 and α2 resulting in a constant circumferential
stiffness D22 were run. The cantilever frequency computed in ABAQUS and the braid
angles were plotted as functions of A11 in Figure 3.8c, in which A11 increases along
with increasing α1 and decreasing α2, and the variation in α1 is much less than in α2.
The frequency values decrease and then increase as A11 is increased, which indicates
the importance of circumferential stiffness in determining the vibration characteristics
of booms. In addition, D22 is also a driving factor in the cross-section deformation of
the cantilevered booms during vibration (Cecchini and Weaver, 2002).
Finally, a constant coiled diameter of 65 mm combining D11 with D12 was set to explore
how braid angles α1 and α2 affect A11 and the cantilever frequency. Braid angles and
the lowest cantilever mode frequency computed in ABAQUS are plotted as a function of
A11 in Figure 3.8d. It can be seen that A11 increases with increasing α1 and decreasing
α2. Dc is a stronger function of α1 than α2, so there is less variation in the α1 values
calculated in this case. The frequency decreases with increasing A11 initially, and then
increases. The highest frequency is achieved by reducing α2 to αmin. This finding
demonstrates that the highest natural frequency for this BRC boom is achieved by
choosing the minimum allowable braid angle for the inner ply within the laminate.
Also, the coiled diameter shows significant sensitivity to the braid angles, which will be
investigated further in Section 3.3.6.
46
3.3. Vibration of Constant Thickness BRC Booms
B
ra
id
an
g
le
(◦
)
D11 (Nm)
F
re
q
u
en
cy
(H
z)
60
50
40
30
20
0.06 0.1 0.14 0.18
44
40
36
32
28
24
α1
Frequency (Beam Theory)
Fequency (ABAQUS)
α2
(a) A11 constant at 1.0869× 107 N/m
70
50
30
10
B
ra
id
a
n
gl
e
(◦
)
4 6 8 10 12 14
40
35
30
25
20
15
F
re
q
u
en
cy
(H
z)
A11 (×106 N/m)
(b) D11 constant at 0.0686 Nm
A11 (×106 N/m)
B
ra
id
an
gl
e
(◦
)
F
re
q
u
en
cy
(H
z)
20
40
60
70
2 6 10 14
40
35
30
25
20
15
(c) D22 constant at 0.1144 Nm
B
ra
id
a
n
gl
e
(◦
)
70
50
30
10
A11 (×106 N/m)
4 6 8 10 12 14
40
35
30
25
20
15
F
re
q
u
en
cy
(H
z)
(d) Dc constant at 65 mm
Figure 3.8: Cantilever mode frequencies and braid angles as functions of key stiffness
parameters for B7 from Table 3.5. Figure (a) shows the natural frequencies and braid
angles as functions of flexural stiffness D11 at a constant longitudinal stiffness A11 =
1.0869 × 107 N/m. Figure (b) illustrates the frequency and braid angles as functions
of A11 at a constant D11 = 0.0686 Nm. Figure (c) and Figure (d) plot the natural
frequency and braid angles as functions of A11 at a constant D22 = 0.1144 Nm, and a
constant Dc = 65 mm, respectively
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3.3.6 Sensitivity of Natural Frequency and Coiled Diameter to Braid
Angle Perturbations
Both the dynamic response and coiled diameter are functions of ply angle within a BRC
boom. It is often difficult to manufacture BRC booms with fibre angles within 1◦ (or
even more) of the specified value. A 1◦ radius circle in α1/α2 space is traced around an
optimal point (refer to Table 4.1 in Section 4.3.1), and Dc and the cantilever frequency
are evaluated along the path to evaluate the impact that manufacturing errors are likely
to have on the coiled diameter and natural frequency. The braid angles are set as:
α1 =
pi
180
cos θ
α2 =
pi
180
sin θ
θ ∈ [0, 2pi]
The resulting frequency and Dc variation for boom B3 about the optimal braid angle
point in Table 4.1 is shown in Figure 3.9. The circular α1, α2 path is traced about
a stationary point in the frequency function, meaning that the variation in frequency
to be expected due to a small manufacturing error is predictably small. However, the
coiled diameter shows quite a great sensitivity to manufacturing errors in this region.
This finding implies that the coiled diameter is more susceptible to braid angle errors
than frequency is at an optimal point. The prescribed coiled diameter is likely
to be constrained by the deployment mechanism or its housing, meaning
particular care must be taken during the manufacture of BRCs (Wu and
Viquerat, 2017).
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Figure 3.9: Sensitivity analysis of the frequency and coiled diameter of B3 from Table 4.1
to a 1◦ radius circle in α1/α2 space traced around an optimal point. Figure (a) shows
little variation in frequency because the circle origin is a stationary point in the frequency
function. Figure (b) plots the likely variation of the coiled diameter due to the 1◦ error
in braid angles, which implies that the coiled diameter is a strong function of braid angle
at this location.
3.4 BRC Booms With Stepwise Thickness Variations
As well as careful selection of the fibre angles, the natural frequency can be improved
by studying design variables such as the boom radius and included angle. According
to Tonin and Bies (1979); Suzuki et al. (1982), the natural frequency of a shell was
impacted by its linearly varying thickness or variable thicknesses. To investigate how
the natural frequency of a boom is affected by changing its thickness, a one-step thick-
ness variation as shown in Figure 3.10 is proposed in this section, due to the ease of
manufacturing.
L1
R
X, U
β
R
t1 t2
L
Figure 3.10: A BRC boom with one-step change in thickness
The stepwise BRC has a different number of plies at both ends. The effect of step
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locations and step thickness ratios on the natural frequency are of great interest. The
finite element simulation is used to predict the outcomes of the clamped-free Glass/PP
BRC booms in the “roll-up” PV array. The same FE approach described in Section ??
is employed herein to figure out the potential of maximising the natural frequency of
new BRC booms.
Table 3.7 presents the effect of introducing one step change in thickness by removing
plies at one end on the boom natural frequency and boom mass. To reduce computing
time, but still achieve reasonable accuracy, the Glass/PP BRC boom length is set to
be 3 m and the laminate layup at the clamped end is fixed at [±45/0/90/±45] (t1 =
1.38 mm). The number of plies at the free end is reduced, while the step change is
located at the centre of the BRC boom.
Table 3.7: Simulation results for 3 m long cantilevered BRC booms with various layups
at the free end when L1/L = 0.5. NF represents the natural frequency, NFC is the
natural frequency change, and MC denotes the mass change
Layup at free end [±45/0/90/±45] [±45/0/±45] [±45/±45] [±45]
NF (Hz) 3.81 4.16 4.25 5.12
NFC (%) - 9.1 11.5 34.4
MC (%) - 9.06 18.12 34.06
In Table 3.7, the stepwise BRC boom with one 0◦ UD ply has a higher natural frequency
than the one with a ±45◦ braid ply, which is in agreement with the finding that the
0◦ ply dominates the structural and dynamic properties of a structure. The natural
frequencies are increased when the number of layers at the free end is reduced. This is
because reducing the number of plies at the free end decreases the mass of the whole
boom. The natural frequency and mass changes are calculated and compared to the
corresponding constant thickness boom.
According to Figure 3.10, the location of the thickness variation is a variable. More
simulations are done to figure out the effect of the location of the step thickness vari-
ation on the natural frequency of clamped-free BRC booms. The results are given in
Figure 3.11. The boom lengths 3 m and 5 m are considered, and different layups at the
free end are analysed.
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Figure 3.11: The effect of the locations of step thickness variation on natural frequency
In Figure 3.11, the natural frequency is significantly affected by the locations of the
thickness variation. It can be seen from both figures that there is an optimal location
for the step thickness variation existing for an individual free end laminate stacking
sequence. It is crucial for a designer to determine the location where the laminate
thickness variation is introduced. Moreover, the natural frequencies of booms with
fewer plies at the free end are not always higher than those with more plies due to the
mechanical properties’ variation within the fibre orientations. Thus, the braid angles
within the free end laminate stacking sequences and the step locations are of great
importance for determining the natural frequency of the stepwise BRC boom, which
will be investigated further in Chapter 4.
For achieving a better understanding of the natural frequency change, more stepwise
BRC booms with various lengths are modelled, and the results are shown in Figure 3.12.
From this, we can see that the natural frequency changes with the free end laminate
stacking sequences, but is only a very weak function of boom length. The increment
percentages of the natural frequency for extremely long booms (> 5 m), as shown in
Figure 3.12, are independent of the boom length when the step ratio and laminate
stacking sequence at the free end are specified. For example, the natural frequency
change in Figure 3.12b is approximately 12.8%, which means the natural frequency of
a 5 m long BRC boom with an investigated free end stacking sequence and step ratio is
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1.128 times the natural frequency of a 5 m long constant thickness boom. This finding
is critical for designers to make a prediction for their designed booms. Furthermore, the
natural frequency change regarding the step location for both 3 m and 5 m long stepwise
BRCs is illustrated in Figure 3.13, and there is a maximum NFC point existing in each
plot.
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(a) The natural frequency change as a function
of boom length for a BRC boom with a laminate
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dius of 38 mm, included angle of 352◦ and a step
ratio of 0.5 are selected for the boom
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Figure 3.12: The natural frequency change as a function of boom length for stepwise
BRC booms with a step ratio of 0.5, with different free end laminate stacking sequences
considered
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Figure 3.13: The natural frequency change as a function of length ratio for stepwise
BRC booms with different free end laminate stacking sequences considered
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3.5 BRC Booms With Tapered Diameters
Tapering the diameter (Figure 3.14) of a fixed-free BRC boom at the free end is an
approach used to improve its dynamic vibration even though the manufacture of tapered
booms is currently quite challenging. The diameter at the fixed end is defined as D1, and
at the free end as D2. The only variable was the diameter at the free end. Other design
parameters, such as included angle, layup, boom length and diameter at the clamped end
were consistent at both ends. Again the Glass/PP laminate with a stacking sequence of
[±45/0/90/±45] is used. Finite element simulation has been done for 5 m long Glass/PP
BRC booms with different diameters at free ends to investigate the taper ratio (D2/D1)
effect on the natural frequencies, see Figure 3.15. The changes with respect to the
constant radius boom were calculated to see how much the fundamental frequency can
be improved using this method. The results are given in Table 3.8.
D2
D1
Figure 3.14: A cantilevered BRC boom with a tapered diameter at the free end
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Figure 3.15: Natural frequency of a 5 m long tapered Glass/PP BRC boom as a function
of taper ratio D2/D1. The laminate stacking sequence is [±45/0/90/±45]
Table 3.8 shows that reducing the diameter at the free end of a cantilevered BRC boom is
not a very efficient method of increasing its vibration frequency. The natural frequencies
are narrowly increased when D2 is reduced (smaller taper ratios), while the changes of
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the natural frequencies for tapered BRC booms increase with the decrease of the taper
ratio.
Table 3.8: Natural frequencies for 5 m long cantilevered Glass/PP BRC booms with
different diameters at the free end.
Diameter at free end D2(mm) 76 63.5 50.8 38 32
Taper ratio D2/D1 1 0.8355 0.7094 0.5675 0.4257
Natural frequency (Hz) 1.3736 1.4025 1.4407 1.4938 1.5269
Natural frequency change (%) - 2.1 4.9 8.75 11.16
3.6 BRC Booms With Reduced Included Angles
Another new variation of a BRC boom of interest involves cutting down the included
angle at the free end of a cantilevered BRC boom (Figure 3.16), to explore how the
vibration frequency of this type of boom behaves. The included angle at the fixed end
is β1, and at the free end is β2. The included angle varied linearly along the boom
and the boom diameter was consistent at both ends. The laminate stacking sequence is
[±45/0/90/±45]. The included angle ratio is defined as: ra = β2β1 . Similarly to before,
the finite element modelling method was adopted to compute the natural frequency for
3 m long cantilevered Glass/PP BRC booms with various included angles at the free
end. The results are shown in Figure 3.17 and Table 3.9.
β2
β1
Figure 3.16: A cantilevered BRC boom with a reduced included angle at the free end
As demonstrated in Figure 3.17 and Table 3.9, the natural frequencies have improved
slightly as the included angle at the free end was cut down. The changes of natural
frequencies for booms with different included angles are calculated using the reference
model that has constant included angles with length. They increase with the reduction
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Figure 3.17: Natural frequency of a Glass/PP BRC boom with a reduced included angle
at the free end as a function of included angle ratio β2/β1
Table 3.9: Natural frequencies for 5 m long cantilevered Glass/PP BRC booms with var-
ious included angles at the free end. The laminate stacking sequence is [±45/0/90/±45]
Included angle at free end (degree) 352 300 250 200 150
Included angle ratio ra 1 0.8513 0.7094 0.5675 0.4257
Natural frequency (Hz) 1.3736 1.4101 1.451 1.4744 1.5142
Natural frequency change (%) - 2.68 5.63 7.34 10.24
of included angles; in other words, they will be increased with a decreasing included
angle ratio. However, there is a limit to included angle to guaranteed the bistability of
designed booms (Iqbal et al., 2000). Additionally, the bending strength of the boom
decreases when the included angle is reduced.
3.7 Experimental Testing
In order to find feasible methods for improving the natural frequency of a BRC boom
at a lower cost, unidirectional and braided Glass/PP are selected for making samples at
an initial design stage. The BRC samples shown in Figure 3.18 with stepwise thickness
variation at the centre were manufactured using the process developed by RolaTube
Technology Ltd. and Juan (Fernandez et al., 2014) at RolaTube Technology Ltd. to
verify the effects of stepwise thickness variation on their bistability, coiled diameters
and natural frequencies. The booms with tapered diameter and reduced included angle
are impractical to manufacture due to the limited manufacturing techniques.
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Figure 3.18: Coiled Glass/PP BRC booms.
3.7.1 Manufacturing of Glass/PP BRCs
A 76 mm diameter, 3.05 m long and 1.38 mm thick boom made from standard glass
fibre impregnated with polypropylene (PP) resin was manufactured. Two plies of braid
±45 (Figure 3.19a) to the axis of the boom were laid in the innermost and outermost
positions, while 0◦ and 90◦ UDs (Figure 3.19b) were assigned in between. The stacking
sequence from the outer position to inner position was [±45/0◦/90◦/±45]. The manu-
facturing procedures are demonstrated in Figure 3.20. Each ply was cut to the desired
width and stacked up in the required sequences. The stacked laminate was laid on a
cylindrical aluminium mould and cured at 194◦ for half an hour. The same procedures
were performed in making 3.05 m long stepwise booms with a length ratio L1/L = 0.5,
except when cutting each lamina. For instance, a stepwise BRC boom with laminate
layups of [±45/0◦/90◦/±45] at one end and of [±45/0◦/±45] at the other was manu-
factured by cutting the 90◦ ply to 1.55 m long and the rest of the plies to 3.05 m long,
and then the same procedures for manufacturing the constant thickness booms were
followed.
(a) ±45 glass/pp braid (b) 0◦ glass/pp UD
Figure 3.19: Glass/PP plies
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(a) Cut each ply to desired width and
stack up the laminate
(b) Conform to the mould shape with
shrink tape
(c) Cure the sample at 194◦ for 0.5h (d) Cool it down and remove the boom
Figure 3.20: Manufacturing procedures for Glass/PP BRC booms
3.7.2 Experimental Setup
For vibration tests, the end 50 mm section of the boom was used for root connection
purposes. The complete experimental setup is illustrated in Figure 3.21. The root end of
the boom was slid onto a 50 mm long cylindrical fitting and then fixed with two tightened
hose clamps (Figure 3.21a). The specimens were excited with a hammer. A National
Instruments NI-DAQmx with NI 9025 card along with the three-axis accelerometer
(Figure 3.21b) was used to measure the natural frequencies involving an up-down motion
in the x − z plane. The natural frequency of each specimen was repeated five times
around the desired axis as shown in Figure 3.21c. The measured values did not vary
significantly and an average value was used. The same procedure was carried out for
another six booms with different step thickness variation ratios and length ratios.
3.7.3 Comparison with FE Results and Discussion
The experimental and simulation results of the natural frequencies for 3 m long can-
tilevered samples with different t1/t2 and L1/L at the free end are shown in Table 3.10,
in which the discrepancy e = fs−fefe ∗ 100% was used to describe the difference between
the simulation and experimental results. In Table 3.10, the natural frequencies of the
tested samples are shown, while the discrepancies between the experiment and simula-
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(a) Rigidly clamped boundary (b) NI-DAQmx with NI 9025 card
(c) Attached accelerometer (d) Complete experimental setup
Figure 3.21: Experimental setup for the Glass/PP BRCs’ free vibration test
tion are slightly high. Further efforts were focused on the error analysis to validate the
reliability of the FE simulation. According to the author’s knowledge, the errors may
come from:
• Design parameters (length, thickness, included angle, etc.) are not as precise as
they are in the simulation.
• Imperfection of samples, such as void contents, misaligned fibre angles and insta-
bility of booms.
• Errors from test setup (flexure and alignment).
• The interface effect of the step thickness variation on practical diameters and
thicknesses of the samples.
• Effects of air and material damping factors.
• Errors from modelling a [±45] braid ply as two antisymmetric [+45/−45] laminate
layers in FE simulation.
Attempts to narrow the discrepancies between the experimental and simulation results
were carried out. As found during manufacturing, the practical thickness of the boom
after processing was not simply the sum of the thickness of each layer in the laminate.
The thickness of a braid layer (tb) and a UD ply (tUD) was estimated from the mea-
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Table 3.10: Experimental (fe) and simulation (fs) values of natural frequencies for 3 m
long cantilevered BRCs booms with various step thickness ratios and length ratios
Sample No. Thickness and length ratios fe(Hz) fs(Hz) Discrepancy (%)
1 t1/t2=1,L1/L=1 3.37 3.81 13.07
2 t1/t2=1.22,L1/L=0.5 3.62 4.16 14.86
3 t1/t2=1.22,L1/L=0.667 3.74 4.12 10.16
4 t1/t2=1.57,L1/L=0.5 3.96 4.25 7.44
5 t1/t2=1.57,L1/L=0.667 3.97 4.47 12.54
6 t1/t2=3.14,L1/L=0.5 4.88 5.12 5.01
7 t1/t2=3.14,L1/L=0.667 5.23 5.47 4.44
surements of the thickness of manufactured samples. It was found that tb = 0.6 mm,
tUD = 0.2 mm and volume density = 1426 kg/m
3, but they were quite different to the
values obtained from the data sheet (see Appendix A).
Another potential error arising from imperfections of the samples is shown in Fig-
ure 3.19a; the voids are obvious in the braid layer. The effect of void content on compos-
ite material properties has been explored in several publications (Olivier et al., 1995; Liu
et al., 2006; Etcheverry and Barbosa, 2012; Hancox, 1977). They found that the void
contents for high fibre volume fractions (≥ 60%) have little effect on the longitudinal
tensile properties. The transverse modulus and shear strength decreased significantly
for carbon/epoxy laminates with voids, similarly for the Glass/PP laminates. However,
it is difficult to precisely estimate the voids’ effects in the current phase. The measured
practical thicknesses were substituted into ABAQUS simulations. The results for the
tested samples are displayed in Table 3.11, which give lower differences between the
experimental and simulation values. The FE simulation is more efficient at analysing
the vibration characteristics for the bistable stepwise BRCs when the real properties of
tested booms were used.
The bistability and coiled diameters of samples were tested to validate the reliability of
the in-extension model for estimating coiled diameters. Of the samples (Figure 3.18)
made at RolaTube Technology Ltd., three of them had difficulty rolling up to a compact
coil because of errors induced by imprecise fibre angles, which has been described in
Section 3.3.6. One of them did not roll up into a perfect coil configuration due to poor
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Table 3.11: Experimental (fe) and simulation (fs) values of natural frequencies for 3 m
long cantilevered BRCs booms with various step thickness ratios and length ratios using
effective thickness values.
Sample No. Thickness and length ratios fe(Hz) fs(Hz) Discrepancy (%)
1 t1/t2=1,L1/L=1 3.37 3.43 1.7
2 t1/t2=1.14,L1/L=0.5 3.62 3.63 0.2
3 t1/t2=1.14,L1/L=0.667 3.74 3.61 -3.4
4 t1/t2=1.33,L1/L=0.5 3.96 3.68 -6.9
5 t1/t2=1.33,L1/L=0.667 3.97 3.80 -4.1
6 t1/t2=2.67,L1/L=0.5 4.88 4.66 -4.5
7 t1/t2=2.67,L1/L=0.667 5.24 4.78 -8.7
Table 3.12: Measured (Dm) and analytically calculated (Da) values of coiled diameters
at the fixed end for 3 m long cantilevered BRC booms with various step thickness ratios
and length ratios
Sample No. 1 2 3 4 5 6 7
Measured coiled diameter Dm(mm) 111.8 117.8 115.2 113.7 116.9 117.2 120.4
Analytical coiled diameter Da(mm) 109.2 - - - - - -
manufacturing techniques which caused the imperfections along the boom edges and the
misalignment of laminate plies (Iqbal et al., 2000). Thus, the BRC booms with stepwise
thickness variation still keep their bistability. The measured coiled diameters of samples
were indicated in Table 3.12. It can be seen from the table that the stepped thickness
variation had little effect on the coiled diameter.
3.8 Conclusion
In this chapter, feasible ways of improving the natural frequency of extended BRC
booms were investigated. Several assumptions were formulated to analyse the bista-
bility and vibration characteristics of bistable booms constructed with fibre-reinforced
composites.
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First, the composite materials Glass/PP and the laminate stacking sequence were se-
lected, followed by the determination of the stiffness matrices and the diameter at the
coiled stable configuration based on an energy analysis. The total strain energy due to
stretching and bending per unit length was plotted in terms of the curvatures in both
longitudinal and transverse directions, in which the second equilibrium was observed and
the corresponding curvature could be estimated. Then, a simplified non-extensional an-
alytical model was used to capture the bistability, where only the bending strain energy
was considered to determine the equilibria and the minimum energy.
Secondly, a finite element simulation employing the ABAQUS/Standard solver along
with the Lanczos algorithm has been completed to compute the natural frequency in-
volving a “cantilever” vibration mode. The mesh element S4R and mesh density were
carefully chosen for each boom model to achieve a reasonable convergence at a low com-
puting cost. The effects of the laminate stacking sequence, boom length, boom radius,
boom included angle and ply orientation angle within a laminate layup on the boom
vibration frequencies were computationally studied. The natural frequency was
found: to decrease as a function of boom length to the power of -2, which
was in agreement with the Euler-Bernoulli beam theory for cantilever beams;
to increase with larger initial radius and deeper included angle. In addition,
swapping the locations of the braid angles affected the vibration frequencies
of the long slender booms much less than the short booms. An investigation of
the laminate stiffness terms including the longitudinal, transverse, and circumferential
stiffnesses indicated their individual impacts on the natural frequency.
Afterwards, three new BRC booms, made by varying the number of plies, diameters
and included angles at the two ends, were proposed to improve the natural frequency
of constant thickness and uniform BRCs. FE modelling was performed to study the
impacts of step variation locations, diameter and included angle ratios on the vibration
frequencies of the new types of BRCs. There is an optimal location of the thick-
ness variation existing for a stepwise boom, yielding a much higher natural
frequency than the constant thickness one, which varies with the free end
laminate stacking sequences. Additionally, the natural frequency change due
to the introduction of a one-step change in thickness is found to be approxi-
mately constant for an extremely long boom, which is efficient in estimating
the potential vibration improvement. The natural frequency changes of booms
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with a reduced diameter and included angle at the free end have also been computation-
ally estimated, and were found to be less efficient in improving the natural frequencies
compared to introducing the thickness variation.
Finally, several Glass/PP BRCs were manufactured to experimentally verify the effi-
ciency of introducing stepwise thickness variations. The manufacturing procedures to
make constant thickness and stepwise thickness BRCs were detailed. The harmonic
response of each sample was tested using a National Instruments NI-DAQmx with NI
9025 card along with an accelerometer. The natural frequencies of stepwise booms were
higher than those with the constant thickness. The FE results and the experimental
values were compared and the errors introducing disparities were analysed. The ana-
lytical and experimental coiled diameters show great agreement within 10% difference,
which implies the reliability of the non-extensional model in determining the coiled
diameter.
The analytical, FE and experimental approaches were used to explore feasible ways of
increasing the natural frequency of BRC booms while maintaining their bistability. The
computed natural (cantilever mode) frequency, coiled diameter and stability margin were
plotted as functions of braid angles over the allowable braid angle range. The cantilever
frequency contours for long slender BRC booms are symmetric, meaning that the ply
locations within the laminate stack have little effect on the lowest cantilever frequency of
these extended BRC booms. Further analysis of the frequency contours for BRC booms
with different geometric properties shows asymmetry for short and deep booms. A study
of swapping the locations of the braid plies within different booms was also undertaken.
The longitudinal, flexural and circumferential stiffnesses of a bistable composite lam-
inate were investigated. The findings demonstrate the effects of the flexural
and circumferential stiffness on the cantilever frequency of BRC booms, and
the inaccuracies inherent in only accounting for the longitudinal stiffness in
predicting the frequency using Euler beam theory. The sensitivity of the
coiled diameter and cantilever frequency to braid angle perturbations sug-
gests extra care in keeping braid angles precise during manufacture should
be taken. New types of BRC booms with stepwise thickness variation, ta-
pered diameter and reduced included angle at the free end were proposed.
The natural frequencies were plotted as functions of length, taper and reduced angle
ratios. The stepwise thickness variation has shown substantial efficiency in improving
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the natural frequency. On the other hand, reducing the included angles and diameters
are less effective at maximising the natural frequency.
64
Chapter 4
Bistability Constrained Vibration
Optimisation
In this chapter, the natural frequency of a cantilevered carbon/epoxy BRC boom con-
structed from combinations of braided and unidirectional (UD) plies is optimised with
respect to fibre orientation angles within certain laminate stacking sequences from indus-
trial specifications possible. The braid angles must remain between bounds representing
the physically achievable limits of the particular braid used. The coiled diameter is set
as a constraint, because it is considered likely that this parameter will be fixed by the
geometry of the deployment mechanism or its housing. A stability criterion is set as an
inequality constraint to ensure the existence of a second stable equilibrium.
The Curve Fitting Toolbox in Matlab is initially employed to fit the natural frequency
data into a polynomial function in order to optimise the vibration frequency simply by
maximising the objective polynomial function at the minimum computing cost. In ad-
dition, for the purpose of developing an optimisation approach to getting more variables
involved, a nonlinear constrained optimisation approach is developed, in which a numer-
ical model of an extended BRC boom is created in ABAQUS using a Python script. The
direct search solver patternsearch in the Matlab global optimisation toolbox (Custodio
and Vicente, 2008) is then employed to optimise the natural frequency, updating the
BRC parameters again via Python. The non-gradient-based patternsearch evaluates
the objective function at a series of points in a mesh, and then uses the location of the
point with the best objective value to guide the next step in the search. The function,
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step and constraint tolerances are all set to 1× 10−6 in the solver options.
4.1 Curve Fitting
The Curve Fitting Toolbox is a collection of graphical user interfaces and functions
built in the Matlab environment that provide data fitting features. Before exploring
the toolbox, the natural frequencies of the first “cantilever” mode corresponding to
specified braid angles within a BRC boom must be determined. As shown in Figure 4.1,
a numerical model of an extended BRC boom is created in ABAQUS using a Python
script; the Matlab Curve Fitting Toolbox and fmincon function are employed to optimise
the natural frequency. The braid angles within the laminate [±α1/±α2/±α2/±α1] are
variables. The material properties of carbon/epoxy are given in Table 3.2. The boom
length, radius and included angle of the model are set to 5.1 m, 38 mm and 345◦,
respectively. The maximum (αmax) and minimum (αmin) allowable braid angles are
taken to be 75◦ and 15◦ (Tate et al., 2006), respectively. Each variable of the braid
angles is split into a row vector of 60 evenly spaced points between 15◦ and 75◦, and
updated via the Python script. The computed natural frequency data is fitted into a
surface as functions of the braid angles as shown in Figure 4.2.
Python script Run ABAQUS
Matlab
optimisation
Matlab curve
fitting
Figure 4.1: Polynomial optimisation loop, in which a numerical model of an extended
BRC boom is created in ABAQUS using a Python script. The Curve Fitting Toolbox is
then employed to estimate the polynomial function representing the natural frequency,
optimising the polynomial function using the fmincon function to optimise the natural
frequency
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Figure 4.2: Vibration frequency fits into a surface as functions of the braid angles within
the laminate [±α1/±α2/±α2/±α1]
The curve fitting surface yields a fourth-degree polynomial as follows:
f(αi) = 4.097− 0.01413× α1 − 0.01648× α2 − 0.00188× α21 + 0.001118× α1 × α2
− 0.001819× α22 + 4.921× 10−5 × α31 − 2.034× 10−5 × α21 × α2
− 2.081× 10−5α1 × α22 + 4.863× 10−5 × α32 − 3.879× 10−7 × α41
+ 4.837× 10−7 × α31 × α2 − 5.238× 10−7 × α21 × α22
+ 4.868× 10−7 × α1 × α32 − 3.863× 10−7 × α42;
(4.1)
in which f(αi) represents the natural frequency as a function of braid angles αi, and α1
and α2 are two variables to be optimised.
In this polynomial function optimisation, the fmincon function available in the Matlab
Constrained Optimisation Toolbox is utilised to explore feasible braid angle values within
the allowable region (αmax = 75
◦; αmin = 15◦). The diameter of the coiled state is
constrained to be 80 mm according to an assumed deployment mechanism or housing,
and the bistability is also considered. By optimising Equation 4.1, the optimal solution
of the braid angles and the corresponding maximum natural frequency is determined;
α1, α2 and fmax are 60
◦, 26.2◦ and 2.05 Hz, respectively.
However, this polynomial surface fitting, allowing polynomials to be fitted up to five
degrees, can only be used for limited variables, and it gets more complicated and less
accurate when more variables are introduced.
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4.2 Nonlinear Constrained Optimisation Formulation
A nonlinear constrained optimisation using the FE directly instead of polynomial fitting
for maximising the cantilever mode frequency of individual extended BRCs is outlined
in this section. The BRC consists of some braided plies with angles αi, and a number
of unidirectional plies oriented with the fibres along the longitudinal axis (0◦). The
braid angles are taken as the optimisation variables, and the coiled diameter is set as a
constraint. The optimisation formulation is:
Maximize: Natural frequency of a BRC boom
Variables: αi
Subject to: αimin ≤ αi ≤ αimax
Dc(αi) = Dcspecified
−S ≤ 0
4.2.1 Basic Overview
The lamination parameter approach is often used in optimisation studies, as any stack-
ing sequence can be represented by no more than twelve lamination parameters. This
analytical approach requires that the ply material remains the same, and is unusable for
hybrid composites that the material properties vary spatially over the structure (Hahn
and Tsai, 1980). Some solutions include fractional ply numbers, or the minimum number
of plies required to achieve the desired properties is unrealistic for design and manu-
facturing purposes (Gre´diac, 1999). However, it is possible to obtain practical sets of
parameters by choosing physically obtainable values nearby to those produced by the
initial lamination parameter optimisation. For example, Wu et al. (2014) developed an
optimisation process for practical design and manufacturing purposes in which a sec-
ondary optimisation process uses the mean of the least square distances between the
obtained and target lamination parameters evaluated at various points on the laminate
plate. Fractional plies can also be rounded up to the nearest obtainable integer num-
ber, resulting in the most lightweight feasible design. In this thesis, the braided BRC
booms analysed must be extremely flexible, so even with very thin plies, BRC booms
rarely consist of more than six to eight plies. For practical purposes, only BRC booms
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with fewer than six plies are considered here, making the use of lamination parameters
unnecessary in this particular case.
The constrained nonlinear optimisation is illustrated in Figure 4.3. This process can be
applied to any number of braid plies. While it is possible to use the braid angle of every
ply in the laminate as an independent optimisation variable, the same variable can be
assigned to more than one ply if necessary to simplify the optimisation process, and
to take advantage of obvious symmetries in the laminate. Most BRCs considered here
are assigned two independent variables (Tables 3.4 and 3.5), with one four-ply example
considered later (Table 4.2).
Python script Run ABAQUS
Matlab
optimisation
Figure 4.3: Nonlinear constrained optimisation loop, in which a numerical model of an
extended BRC boom is created in ABAQUS using a Python script. The patternsearch
function is then employed to optimise the natural frequency, updating the BRC param-
eters again via Python
The model described in this section is limited in its ability to accurately model partic-
ularly shallow booms, as well as booms with high curvatures either in their deployed
or stowed configurations. A more detailed micro-mechanical model of the braided plies
would improve the accuracy of the optimisation (for example by capturing the fibre
microbuckling behaviour at higher boom curvatures). Guest’s model is also limited in
its ability to model higher curvatures as it is also based on CLT, and neglects through-
thickness shear, edge effects, and the influence of included angle on the behaviour of the
bistable booms.
4.2.2 Objective Function
The first vibration mode involving an up-down “cantilever” motion as demonstrated in
Section 3.2 from Chapter 3 is the object function in the nonlinear constrained optimisa-
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tion procedure, as this is the most likely one for the complete solar array structure.
4.2.3 Bistability and Coiled Diameter Constraint
The nonlinear constraints in the coupled bistability and vibration optimisation for a
boom are given as:
−4Dˆ66 − 2Dˆ12 + 2Dˆ22
Dˆ12
≤ 0 (4.2)
Dc − 2D11
D12
R = 0 (4.3)
4.3 Optimisation Results of BRC Booms
The FE method was applied to BRC booms with different ply sequences, as well as
different geometries. The material properties of carbon/epoxy braid and UD plies given
in Table 3.2 from Section 3.1.2 in Chapter 3 are utilized. The nonlinear constrained
optimisation for constant thickness and uniform BRC booms is implemented. Design
parameters such as composite stacking sequences and geometry properties are studied
to find out how they affect the natural frequency.
4.3.1 Optimisation Results of Constant Thickness BRC Booms
This section describes the results of the constrained optimisation of the cantilever fre-
quency of fixed-free extended constant thickness BRC booms. The optimised braid
angles for each laminate stacking sequence are given in Table 4.1. Comparing the re-
sults for booms B1, B2 and B3 shows that the same coiled diameter can be achieved
using a variety of different laminate layups. The fact that the optimisation results for
B1 and B4 yield the same set of braid angles implies that the boom length has little
effect on the braid angle optimisation. Booms B4 and B5 illustrate that the radius R
of a boom impacts the optimisation results regarding the coiled diameter constraint.
Booms B5 and B9 from Table 4.2 yield remarkably similar optimal solutions, indicating
the symmetry of plies within the laminate and the efficiency of optimising two variables
instead of four. Booms B1 and B8 have identical braid angles, suggesting that the in-
cluded angle also has little effect on the braid angle optimisation. These findings clarify
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that optimisation of braid angles mainly depends on the composite layups and coiled
diameter constraints. The stability constraint is active for booms B1, B2 and B4, and
inactive for the others. Booms B7 and B8 have active braid angle bound constraints.
However, B3, consisting of only two braid plies, does not have active constraints at its
optimum.
The optimisation results can be verified through the contour plots shown in Figure 3.6,
and the optimal point for each boom can be estimated by combining the coiled diameter
and stability constraints. For instance, B3 having two pairs of optimal braid angles can
be estimated from Figure 3.6c, where frequency, coiled diameter and stability contours
are all symmetric about α1/α2, which implies that there are two optimal solutions for
this special boom. The coiled diameter contour (at Dc = 80 mm) becomes parallel to
sets of frequency contours (potential optimal points) at two pairs of α1 and α2 values
([α1, α2] = [60, 45] and [α1, α2] = [45, 60]). Both pairs are located within the stability
constrained region.
In addition, the mass of BRC booms is also of importance for space applications. To
design a BRC boom with a higher natural frequency, a larger radius and included an-
gle, physically allowable bounds on the braid angles, lightweight and stiff materials,
proper laminate stacking sequences and manufacturing specification of the coiled diam-
eter should be selected carefully while running the optimisation procedure.
4.3.2 Optimisation Results of Stepwise BRC Booms
Considering a boom with the stacking sequence [±45/±45/±45/±45] over the whole
length as a benchmark, the natural frequency optimisation with respect to both braid
angles and step locations is carried out. The length, initial radius and included angle of
the benchmark are specified as 80 cm, 16 mm and 170◦, respectively. The coiled diameter
is set to be 43 mm for the consideration of an assumed deployment mechanism or hous-
ing. αmax and αmin are taken to be 55
◦ and 35◦ in the Python script due to the physically
achievable braid angles for the specific braid sleevings selected. Careful introduction of
the step location (L1/L) has proved effective in improving the natural frequency of a
BRC boom with a one-step change in thickness (see Figure 3.10) (Wu et al., 2015).
The composite sequence at the clamped end is constrained to [±α1/±α2/±α2/±α1].
Carbon/epoxy is utilized in this optimisation procedure, and the properties are given in
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Table 4.1: Cantilever frequency optimisation of uniform BRC booms with coiled diam-
eter and stability constraints
BRC boom properties Braid angles (◦)
Boom
No.
Stacking sequence L
(m)
R
(mm)
β
(◦)
Dc
(mm)
α1 α2 NF
(Hz)
Stability
S
B1 [±α1/±α2/±α2/±α1] 5.1 38 345 80 60.0 26.0 2.17 0
B2 [±α1/±α2/0/±α2/±α1] 5.1 38 345 80 61.0 34.5 2.27 0
B3 [±α1/±α2] 5.1 38 345 80 60.0 45.0 1.24 1.70
B4 [±α1/±α2/±α2/±α1] 1.0 38 345 80 60.0 26.0 28.35 0
B5 [±α1/±α2/±α2/±α1] 1.0 25 345 80 46.5 15.5 36.98 1.19
B7 [±α1/±α2/±α2/±α1] 1.0 25 353 65 54.0 15.0 38.51 0.61
B8 [±α1/±α2/±α2/±α1] 5.1 38 247 80 60.0 26.0 1.64 0.001
Table 4.2: Cantilever frequency optimisation of a uniform BRC boom having the same
geometric properties as B5 from Table 4.1, but with an independent variable for each
ply angle
Optimized braid angles (◦)
Boom
No.
Stacking sequence Dc
(mm)
α1 α2 α3 α4 NF
(Hz)
Stability
S
B9 [±α1/±α2/±α3/±α4] 80 46.0 15.0 15.0 47.0 37.1 1.16
Table 3.2. The optimisation results are shown in Table 4.3, where NFC is the Natural
Frequency Change.
As illustrated in Table 4.3, natural frequency optimisation with respect to braid angles
and step locations is run for BRC booms with different laminate sequences at the free
end. The BRC boom with a one-step change in thickness has a much higher natural
frequency than the benchmark boom, which agrees with previous findings, in which the
introduction of stepwise thickness variation via reducing the number of plies at the free
end can improve the natural frequency of BRC booms. Experimental verification of
these optimisation results is completed by testing the harmonic response of booms with
optimised braid angles and step locations.
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Table 4.3: Natural frequency optimisation with respect to braid angles and step locations
Boom label Composite layup
Optimised raid angles (◦)
Step NF NFC
at the free end α1 α2 α3 α4 location (Hz) (%)
Benchmark [±α1/±α2/±α2/±α1] 45 45 - - - 9.32 -
Boom 1 [±α1/±α2/±α2/±α1] 46.2 35 - - - 11.16 23.0
Boom 2 [±α1/±α2/±α1] 45.4 45.8 - - 0.5 10.14 8.8
Boom 3 [±α1/±α1] 45.4 45.8 - - 0.5 12.74 36.7
Boom 4 [±α3/±α4/±α3] 46.2 35 45.4 41.7 0.57 12.54 34.5
Boom 5 [±α3/±α3] 46.2 35 45.4 - 0.55 14.71 57.8
4.4 Experimental Verification
The results indicate that the BRC booms with braid angles or step locations optimised
in the nonlinear optimisation procedure exhibit substantially higher natural frequency.
An experimental verification, by setting up free vibration tests of carbon/epoxy BRC
samples with properties given in Table 4.3, is completed. The material selection, fabri-
cation procedures and experimental tests are presented. The results obtained from the
nonlinear constrained optimisation procedure and experimental tests are analysed.
4.4.1 Manufacturing of Optimised BRC Booms
T300 1K dry biaxial braid sleeving from A&P Technology with a weight of 91 g/m2,
ultra thin and intermediate modulus carbon fibres (see Figure 4.4) is selected. The
typical ply thickness is only 0.09 − 0.1 mm. Epoxy resin film MTM44-1 from Cytec
with a weight of 34 g/m2 was impregnated into carbon fibres to construct the composite
laminates.
The finished booms subtend an arc of approximately 47.5 mm, having a radius of 16 mm
and a length of 80 cm. The handling width and length during manufacturing was 48 mm
and 1.0 m, respectively; the remainder was trimmed off after curing. The low-cost
manufacturing process developed by RolaTube Technology Ltd. and Juan Fernandez
(2014) is again used to fabricate the optimised booms. The main relevant steps (see
Figure 4.5) are:
• flatten the biaxial braid sleeving tube using flat wooden mandrels to the desired
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braid angles for each sample;
• carefully cut off the braids from the mandrels;
• impregnate the epoxy resin on to the braid plies, stack up a laminate and cut it
to the desired width of 48 mm;
• set up an aluminium mandrel with the designed initial radius of 16 mm, and
wrap the prepared laminate onto the mandrel with high temperature shrinkable
polynomial tape;
• cure the laminate for 45 minutes at 90 0C, then 90 minutes at 180 0C, with a
3 0C/min temperature ramp;
• cool the booms down to room temperature, take them off the mandrel and trim
their edges.
Figure 4.4: T300 1K dry biaxial carbon braid sleevings from A&P Technology
This fabrication process can be employed to produce very long BRC booms, which is
necessary for developing a larger size deployable “roll-up” PV solar array. The problem
with the fabrication of samples with various braid plies lies in attaining precise braid
angles, which has not been solved yet.
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(a) Flatten Carbon braid sleevings (b) Cut off the braid from the mandrel
(c) Stack up the laminate (d) Put the laminate stack on heated man-
drel
(e) Conform to the mandrel shape with
shrink tape
(f) Attach the thermocouple
Figure 4.5: Main steps of fabricating a BRC sample
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4.4.2 Free Vibration Tests Set-up, Results and Discussion
A free vibration test of cantilevered carbon/epoxy samples was performed, where only
the lowest frequency is of interest. A National Instruments NI-DAQmx with an NI 9025
card was used to measure the output from a small accelerometer attached to the sam-
ples, which were slid onto a cylindrical fitting with an external diameter of 32 mm and
fixed with two hose clamps. The setup of the test is shown in Figure 4.6. Experimental
measurements of the natural frequency were compared to the optimisation values in-
dicated in Table 4.3, to verify the reliability of the nonlinear constrained optimisation
procedure presented in Section 4.2.1. The comparison results are given in the bar chart
in Figure 4.7.
(a) Fix test samples onto the
cylindrical fitting
(b) Attach accelerometer
onto the samples
(c) Complete setup
Figure 4.6: Experimental setup for the free vibration tests.
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Figure 4.7: Comparison of the experimental and FE results of the optimised BRC booms
from Table 4.3
As shown in Figure 4.7, differences between experimentally measured and non-linearly
optimised natural frequency values of carbon/epoxy BRC booms with optimised braid
angles and step locations are approximately 4% on average. The experimental values
are slightly higher than all optimisation results except Boom 5. Sources of error may
arise from non-uniform effective stiffness and ply thickness, both of which vary with
braid angles, and imprecise design properties (length, included angle, thickness and
braid angles) of test samples due to the manufacturing process.
4.5 FE Validation of a Solar Array Vibration
4.5.1 Solar Array Model
A deployed “roll-up” PV solar array (see Figure 3.1a) was modelled in ABAQUS (Fig-
ure 3.1) to capture the lowest frequency vibration mode. The model consists of two fixed-
free BRC booms rigidly connected to each other using five 80 mm wide and 1200 mm
long discrete rigid shell planar strips with a mass of 0.1 kg each. These strips are spaced
at 1 m intervals along the length of the array, starting 100 mm in from the free end of the
solar array. High tensile elastic (ρ = 1000 kg/m3, E = 20 GPa, ν= 0.3) cord links with
a radius of 1 mm connect the strips to the BRCs. These are used to prevent rotation of
the BRCs with respect to the strips in the deployed solar array FE model (Daton-Lovett,
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2013). The blanket is not included in this FE analysis, as it would obscure the modes
of interest by introducing many extremely low-frequency modes generated by the soft,
flexible blanket substrate material. Each BRC is constructed using four-node reduced
integration shell (S4R) elements. The cross-link strips (see strips connecting the two
parallel BRCs in Figure 3.1) are meshed with a four-node, three-dimensional bilinear
rigid quadrilateral element (R3D4) (ABAQUS, 2014). The linkage cords are modelled as
beam elements (B31). The simulation verified that the lowest frequency of the complete
structure corresponds to the “cantilever” mode, making this vibration mode of greatest
interest in this thesis.
4.5.2 Validation of the Optimisation Results
A solar array FE model described in Section 4.5.1 consisting of two BRCs of the B1 type,
and with geometric properties given in Table 3.4, was initially modelled. The natural
(cantilever mode) frequency of the solar array is plotted as a function of braid angles
in Figure 4.8a. The dynamic response of a single BRC is presented for comparison in
Figure 4.8b, in order to verify the feasibility of analysing an individual boom instead of
a complete solar array structure. It is important to note that the cantilever mode for a
single B1 type BRC is presented as the second lowest frequency mode, rather than the
lowest, which is a side-to-side swaying motion, not present in the solar array structure.
Hence, Figure 4.8b presents the second mode for this BRC. Comparing the two figures
reveals a great similarity, although the values of the solar array’s frequencies are slightly
lower than those of the single boom, due to the mass addition of the strips and rigid
cord linkages. The inclusion of a flexible PV blanket in the model would decrease this
frequency further. Nevertheless, the model creation and computing cost of the entire
solar array structure is higher than simply modelling one boom. Therefore, it is efficient
and reasonable to analyse the dynamic behaviour of a single boom, rather than that of
the entire solar array structure. The following analysis will be conducted for individual
BRC booms.
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(b) A single B1 from Table 3.5
Figure 4.8: Contour plots illustrating cantilever mode frequencies (black lines) as a
function of braid angles. Figure (a) is for a 5 m long deployed solar array described in
Section 4.5.1 with two rigidly connected B1 type BRCs from Table 3.4, while Figure (b)
is for the single B1. The similarity of the two figures implies the reliability of analysing
a single BRC boom instead of a complete solar array structure
For the purpose of validating the optimisation results with the complete solar array
model, the optimal braid angles are substituted into both the individual boom and solar
array models. The results are given in Table 4.4. The agreement within 4.4% difference
between the natural frequency values for the complete solar array and corresponding
individual BRC booms indicates that the optimised solutions for a single boom model
are applicable to the complete model.
4.6 Conclusion
In this chapter, a nonlinear constrained optimisation approach was developed to opti-
mise the vibration characteristics of cantilevered BRC booms. The bistability criterion
is applied as an inequality constraint to guarantee the existence of the second stable
equilibrium, while the coiled diameter is applied as an equality constraint, as this is
most likely to be constrained by the deployment mechanism or its housing. In addition,
the fibre orientation angles within the bistable laminate are considered to vary between
the bounds describing the physically achievable limits of the particular braid used.
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Table 4.4: Validation of the braid angle optimisation results for the complete solar array
model. Three different BRCs are considered
BRC boom properties
Model name Stacking sequence L (m) R (mm) β (◦) NF (Hz)
Single boom 1 [±60/±26/±26/±60] 5.1 38 345 2.15
Solar array 1 [±60/±26/±26/±60] 5.1 38 345 2.06
Single boom 2 [±61/±34.5/0/±34.5/±61] 5.1 38 345 2.27
Solar array 2 [±61/±34.5/0/±34.5/±61] 5.1 38 345 2.17
Single boom 3 [±60/±45] 5.1 38 345 1.24
Solar array 3 [±60/±45] 5.1 38 345 1.20
The curve fitting approach was used initially to fit the natural frequency values into a
polynomial surface as functions of braid angles within the laminate. A four-carbon/epoxy-
ply boom model with two variables of braid angles was studied. A fourth order polyno-
mial function was formulated and optimised with respect to the two variables, employing
the fmincon function.
A nonlinear constrained vibration optimisation approach was developed to maximise the
natural frequency using the non-gradient-based patternsearch function. The boom
model descriptions, boundary conditions, and mesh densities were detailed and updated
in a Python script, which would then be executed in ABAQUS. The equality, inequality
and braid angle bounds constraints are considered, to ensure the boom with a specified
coiled diameter is bistable and manufacturable with selected materials. BRC booms
with a constant thickness over the whole length were optimised. The results demon-
strated that only the laminate layups had significant impacts on the optimal solutions
of braid angles. BRC booms with a one-step thickness change were also optimised with
respect to the braid angles and step locations. The fabrication procedures of manufac-
turing carbon/epoxy booms were listed. The experimental natural frequencies of the
optimised booms were compared to the optimisation results, and the great agreement
within a difference of approximately 4% on average implied the efficiency of the nonlinear
constrained vibration optimisation method.
An FE validation of an entire solar array structure with the optimisation results was
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completed. A solar array model excluding the PV blanket and the corresponding single
BRC boom was modelled in ABAQUS. The great similarity of the natural frequency
contours for the solar array and the boom illustrated the reliability of analysing the
dynamic performance of a single boom rather than a complete solar array structure,
for the consideration of computing costs. A validation of the optimal solutions was
then conducted by comparing the natural frequencies of the solar array with different
laminate stacking sequences to the corresponding individual booms with the optimised
braid angles.
BRC booms with different laminate stacking sequences were modelled in ABAQUS. An
approach to optimising the cantilever mode frequency of extended BRC booms, subject
to stability and coiled diameter constraints, by carefully selecting the braid angles has
been formulated. The nonlinear constrained optimisation approach was employed to
maximise the vibration frequencies of constant thickness and stepwise BRC booms. It
was discovered that in the majority of the cases analysed, at least one of the constraints
was active at the optimal point. An experimental verification of the optimisation results
for the stepwise BRC booms was completed. The results demonstrate that careful
selection of the fibre orientation angles and introducing a step change in the
number of plies at strategic positions along the boom length can significantly
increase the natural frequency. For instance, the natural frequency of a four-
carbon/epoxy-nominal-braid-ply boom (L = 5.1 m, R = 38 mm, and β = 345◦)
has been improved by more than 50%. The great similarity of the contour plots for
a solar array and for one of the BRC booms in the solar array confirms the feasibility of
analysing an individual boom, instead of a complete solar array structure. Agreement
between the natural frequencies of a solar array model and the corresponding BRC boom
with the optimised braid angles validates the optimisation results.
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Chapter 5
Dynamic Stability Analysis of a
Deployed Solar Array Subjected
to Bending
The nonlinear constrained vibration optimisation with respect to braid angles and step
locations has been experimentally verified, substantially improving the lowest cantilever
frequency in comparison to those with constant thickness and nominal±45◦ braid angles.
Additionally, booms with larger radii and deeper included angles yield higher stiffness.
Nevertheless, removing the material and changing the fibre angles may reduce the load
carrying capability of the BRCs.
An imaging satellite requires high control authority in performing manoeuvres between
two attitudes in order to collect a larger set of sequentially ordered image requests in the
operating regime. Since the time of each collection region in the sensor field-of-view is
quite limited, the productivity of imaging satellites directly depends on the manoeuvring
agility. The conventional bang-bang manoeuvre with a switch in the middle (see Fig-
ure 2.12) is the time-optimal manoeuvre for an arbitrary eigenaxis manoeuvre (Fleming
et al., 2010). To ensure that all the manoeuvres are dynamically feasible and executable
on the satellite, applied maximum angular acceleration (amax) about the eigenaxis must
be limited, because the eigenaxis manoeuvres are kinematic based. To examine the
scalability of a BRC based solar array, it is assumed in this chapter that an imaging
satellite attached with two rigid and symmetric solar arrays as shown in Figure 5.1 is
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subjected to a rotational acceleration about the x axis or a specified linear acceleration
of 9.8 m/s2 along the z axis (see Figure 5.1), and the solar arrays will not fail even with
very low stiffness. The satellite manoeuvres will introduce loading to attached solar
arrays or BRC booms once they are excited at their lowest vibration mode involving an
up-down motion.
Figure 5.1: A simple diagram showing a space-based satellite coupled with symmetrically
deployed solar arrays. The x axis is the axis about which the spacecraft manoeuvre
rotating from start to end is investigated. The z axis is the axis along which the
translational manoeuvre is computationally and experimentally studied in this work by
introducing a linear acceleration of 9.8 m/s2
In this chapter, a rotational manoeuvre and a translational manoeuvre of the satellite
are simulated via applying an angular acceleration about the transverse axis and a linear
gravitational acceleration of 9.8 m/s2 along the vertical axis (z axis in Figure 5.1) at the
centre of satellite, respectively. The dynamic stability of extended single BRCs subjected
to rotation-induced and translation-induced bending is analysed, followed by a validation
of a complete solar array structure without the PV blanket and scalability analyses of
various bistable booms with particular reference to their maximum sustainable rotational
accelerations.
5.1 Same-sense and Opposite-sense Bending Convention
The sign convention of same-sense bending for this work is defined as occurring when
the longitudinal curvature has the same sign as the transverse curvature, as seen in
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(a) Same-sense bending (b) Opposite-sense bending
Figure 5.2: Same-sense and opposite-sense bending conventions (Wu et al., 2016a)
Figure 5.2a. Conversely, opposite-sense bending causes a change in the longitudinal
curvature that has opposite sense to the initial transverse curvature of the boom, and
the edges of the bent boom are under tension, shown in Figure 5.2b.
An angular acceleration around the transverse axis of the booms can be applied at
the centre of spacecraft, which will introduce bending to the cantilevered booms. As
shown in Figure 5.3, when an extended “cantilever” BRC boom is subjected to bending,
it will not fail for sufficiently small rotational accelerations, because the moment is not
sufficient to push beyond the linear region into a moment-rotation region with a negative
slope (unstable) (Seffen et al., 2000). As the same-sense bending moment increases, the
boom starts twisting and loses its stability. Seffen et al. (2000) computationally modelled
the moment-rotation relationship for curved tape springs and observed that the applied
moment varied approximately linearly with the rotation for small rotations; the tape
springs failed at smaller bending moments in same-sense bending compared to opposite-
sense bending (see Figure 5.3); the failure deformations of the thin-walled carbon fibre
reinforced plastic tape hinges subjected to same-sense and opposite-sense bendings were
different (Yee and Pellegrino, 2003).
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Figure 5.3: Schematic moment-rotation relationship for an extended BRC boom (Wu
et al., 2016a)
5.2 FE Modelling
In order to study the dynamic performance of extended booms themselves, a spacecraft
is simplified as a rigid 3D square plate with a point mass of 1×10−10 kg. The centres of
the extended BRC boom and the square plate are made to coincide. One end of the BRC
boom is rigidly tied to the square plate. An angular acceleration about the y axis or a
linear acceleration along the z axis (recalling Figure 5.1) of the deployed boom is applied
at the centre of the plate, to model the boom subjected to bending during a bang-bang
manoeuvre rotating through pi/2 radians or translating along the z axis. The material
properties of the ±45◦ carbon/epoxy braid ply as given in Table 3.2 were utilized while
running the analysis. In this section four types of angular acceleration profiles as shown
in Figure 5.4 were implemented in the FE simulations to induce bending load to the
booms.
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Figure 5.4: Illustration of angular acceleration profiles
5.2.1 Mesh Element Selection
Four-node reduced integration shell elements S4R were again adopted, due to their
robustness in modelling shell structures with large rotations and only small strains. A
typical mesh for a boom involved 200 elements lengthwise by 16 elements around the
circumferential cross-section of BRCs to achieve a better convergence.
5.2.2 Simulation Techniques
The extended BRC boom was attached to the rigid plate, hence the contact between
the boom and the plate surface needs to be properly modelled. The contact condition is
defined using a “master-slave” algorithm in ABAQUS 6.14 (Yee and Pellegrino, 2003).
One end of the boom (slave surface) is tied to the rigid plate (master surface) to de-
fine the constraint. The central point of the rigid plate is constrained in all degrees of
freedom except rotation about the y axis (see Figure 5.5) in the bang-bang manoeu-
vre, while the spacecraft’s vertical translational manoeuvre is modelled by setting the
linear acceleration to g = 9.8 m/s2. A geometrically non-linear (*NLGEOM) incremen-
tal analysis was initially carried out in the ABAQUS Dynamic/Explicit solver, as it
is easy to converge (conditionally stable) at a relatively low cost compared to the Dy-
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namic/Implicit procedure. However, this method failed to capture the instability mode
as expected in practice. Consequently, the Dynamic/Implicit approach using the full
Newton-Raphson solution to invert the integration operator matrix, and enforce a set
of nonlinear equilibrium equations to be solved at each time increment, was tried again.
A default automatic time incrementation is selected, to allow the time increment size to
be adjusted according to the convergence behaviour of the Newton iterations and the
accuracy of the time integration. The minimum increment size was set to 1× 10−9 s so
that the solution could be convergent. The time increment size may vary considerably
during an analysis, and the initial time increment size must be chosen with caution for
the consideration of convergence. The other options in the solver are set to the analysis
application default settings.
g
y
x
z
Loading point with constraints in all
degrees of freedom
except rotation about the y axis
Master surface
Figure 5.5: A cantilever boom model with an acceleration of gravity applied at the
plate centre in the FE environment. The central point of the rigid plate is constrained
in all degrees of freedom except rotation about the y axis; one end of the boom (slave
surface) is tied to the plate surface (mater surface); the boom is meshed with 200 S4R
elements lengthwise by 16 S4R elements around the circumferential cross-section; the
plate involves 8 by 8 S4R mesh elements
5.3 Stability Analysis of Single BRC Booms
Individual BRC booms subjected to bending caused by rotational and translational
manoeuvres are considered in this section. The instability and the maximum angular
acceleration that shallow BRC booms encountered before losing stability during rotation
are analysed initially. Then, a computational and experimental study of same-sense
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bending failure of shallow booms performing a translational manoeuvre is complemented,
because shallow booms have lower resistance to same-sense bending, and their failure is
relatively easier to be captured in comparison to deeper ones. The stability performance
of optimised booms is also studied regarding their instability and maximum angular
acceleration. Finally, a complete solar array is modelled to estimate the maximum
angular acceleration and capture the instability failure.
5.3.1 Maximum Angular Acceleration Estimation
The Budiansky-Hutchinson (Budiansky and Hutchinson, 1966) criterion formulated for
thin-walled shell structures (Budiansky, 1967; Ko lakowski, 2007; Teter and Kolakowski,
2013), which states that “dynamic stability loss occurs when the maximum deflection
grows rapidly with the small variation of the load amplitude” is utilised to determine
the maximum angular acceleration that booms can sustain before becoming unstable
during a spacecraft’s bang-bang manoeuvre. The maximum transverse deformation of
the boom cross-section, ξ, due to the applied angular acceleration is the key deflection
parameter investigated in order to estimate the maximum angular acceleration.
The procedure to determine the maximum angular acceleration includes: computing
the maximum cross-section deformation in the transverse direction under an applied
angular acceleration; varying the angular acceleration over a region to determine the
corresponding maximum cross-section deformations; and plotting a graph presenting
the influence of the acceleration on the maximum cross-section deformation. For in-
stance, in Figure 5.6 the influence of applied angular acceleration on the maximum
cross-section deformation in the transverse direction is presented - the graph presents
dynamic responses for a boom under various angular accelerations, rotating from θ = 0
to θ = pi/2 radians (θ is the rotational displacement with respect to the initial state).
According to the Budiansky-Hutchinson criterion, the maximum cross-section defor-
mation in the transverse direction grows rapidly with a small variation of the angular
acceleration, indicating that the boom loses its stability at a critical value of 32 rad/s2 as
shown in Figure 5.6. The same procedures are used to determine the maximum angular
acceleration values for all of booms investigated in this chapter.
88
5.3. Stability Analysis of Single BRC Booms
15 20 25 30 35
0
5
10
15
a (rad/s2)
ξ
(m
m
)
Figure 5.6: The maximum cross-section deformation in the transverse direction ξ vs the
applied angular acceleration. Plot for a 2 m long boom with R = 25 mm, β = 180◦, and
a laminate stacking sequence of [±45/±45/±45/±45] rotating from θ = 0 to θ = pi/2
radians. The boom starts deforming and then loses its dynamic stability at an approxi-
mate rotational acceleration of 32 rad/s2 where the transverse cross-section deformation
ξ grows most rapidly with a very small variation of applied angular acceleration
5.3.2 Shallow BRC Booms Performing Rotational Manoeuvres
The stability of a single deployed shallow BRC boom is analysed by modelling its dy-
namic performance during spacecraft’s rotational manoeuvres as shown in Figure 5.4, us-
ing the Dynamic/Implicit method to visualise the instability modes corresponding to the
applied angular accelerations. An 80 cm long BRC boom (labelled as Benchmark boom)
with R = 16 mm, β = 170◦, and a laminate stacking sequence of [±45/±45/±45/±45] is
analysed herein. The initial increment size within the solver is set to 0.01 s for this model.
The stability performance of booms subjected to both same-sense and opposite-sense
bending at different stages of a spacecraft performing a rotational manoeuvre through
pi/2 radians is shown in Figure 5.7. The instability modes of booms under same-sense
or opposite-sense bending during defined types of angular acceleration profiles (see Fig-
ure 5.4) are illustrated in Figure 5.8, in which the boom cross-sections failed due to the
relatively low torsional stiffness.
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(a) Initial state of θ = 0 (b) θ = pi/4 (c) θ = pi/2
(d) Initial state θ = 0 (e) θ = −pi/4 (f) θ = −pi/2
Figure 5.7: FE modelling of a coupled spacecraft and deployed BRC boom performing
a rotation manoeuvre through pi/2 radians. The rotational displacement θ at θ = 0,
θ = pi/4, and θ = pi/2 and the stability performance of booms subjected to same-sense
and opposite-sense bending are shown. Figures (a), (b) and (c) are for booms subjected
to a same-sense bending (the first type of manoeuvre), while figures (d), (e) and (f) are
for booms subjected to an opposite-sense bending (second type of manoeuvre)
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(a) Torsional instability of a boom under same-
sense bending during the first type of manoeu-
vre (see Figure 5.4a) at an angular acceleration
a = −192 rad/s2
(b) Flexural-torsional instability of a boom under
opposite-sense bending during the second type of
manoeuvre (see Figure 5.4b) at an angular accel-
eration a = 505 rad/s2
(c) Torsional instability of a boom subjected to
same-sense bending performing the third type
of manoeuvre (see Figure 5.4c) at an angular
acceleration a = 192 rad/s2
(d) Torsional instability of a boom subjected to
equal-sense bending performing the fourth type
of manoeuvre (see Figure 5.4d) at an angular ac-
celeration a = 505 rad/s2
Figure 5.8: Visualisation of the instability modes of a deployed BRC boom. Figure (a),
Figure (c) and Figure (d) are the instability modes for booms subjected to same-sense
bendings, while Figure (b) indicates the instability modes for boom under opposite-sense
bendings. Figure (c) and Figure (d) are the failure modes for booms performing the
third and fourth types of manoeuvres (see Figure 5.4), respectively
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The bending introduced by different spacecraft manoeuvres has significant effects on the
stability of the booms attached to the spacecraft as shown in Figure 5.8. The torsional
instability is the most likely failure mode for a BRC boom subjected to same-sense
bending (Seffen et al., 2000). For the first two types of manoeuvres from Figure 5.4,
the booms will be subjected to positive or negative angular acceleration only, while
booms doing the third and fourth types of manoeuvres are performing both positive
and negative accelerations. Moreover, the maximum angular accelerations that can be
applied to the booms before they lose stability are given in Table 5.1. Combining the
positive and negative angular accelerations as shown in the third and fourth types of
manoeuvres causes the failure to occur sooner in one direction than the other though, and
the boom performing the fourth type of manoeuvre fails the soonest. The two secondary
effects in bending of slit thin-walled tubes (Rimrott, 1966b) including an ovaling of the
cross section and an overlap of the free edges were observed to occur simultaneously
during bending of the booms induced from the rotational manoeuvre. The booms are
most likely to lose their dynamic stability resulting from the local buckling due to
the coupling between bending and twist, which is particularly prevalent for same-sense
bending (Rimrott, 1966b; Rimrott and Iyer, 1968; Rimrott and Draisey, 1984).
Table 5.1: The maximum angular acceleration that booms can sustain before becoming
unstable performing investigated types of manoeuvres
Types of manoeuvres First type Second type Third type Fourth type
amax (rad/s
2) 178 504 176 158
5.3.3 Shallow BRC Booms Performing Translational Manoeuvres
In this section the dynamic failure and critical length of extended BRC booms subjected
to same-sense bending (see Figure 5.9 (a) -(c)) and opposite-sense bending (Figure 5.9
(d) -(f)) induced from the linear acceleration of 9.8 m/s2 about the z axis during a
translational manoeuvre are studied. The simulation results for the booms with R =
16 mm, β = 180◦, and layup of [±45/0/±45] are illustrated in Figure 5.9, in which the
boom starts failing as the boom length increases, and for the same boom it can sustain
a higher opposite-sense bending moment comparing to same-sense bending load.
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(a) A 1 m long boom subjected
to a same-sense bending due to
the linear acceleration
(b) A 2 m long boom subjected
to a same-sense bending due to
the linear acceleration
(c) A 3 m long boom subjected
to a same-sense bending due to
the linear acceleration
(d) A 3 m long boom subjected
to an opposite-sense bending
due to the linear acceleration
(e) A 5 m long boom subjected
to an opposite-sense bending
due to the linear acceleration
(f) A 7 m long boom subjected
to an opposite-sense bending
due to the linear acceleration
Figure 5.9: Simulation of a cantilevered boom subjected to bending due to the linear
acceleration of 9.8 m/s2. Results for R = 16 mm, β = 180◦, and a laminate stacking
sequence of [±45/0/±45]
Experimental Verification
For the purpose of validating the FE simulation results, an experimental verification
was undertaken. While it is extremely difficult to replicate the behaviour of a large
flexible lightweight structure in microgravity on the ground, it is possible to simulate the
linear acceleration at 9.8 m/s2 of a cantilevered BRC. A schematic diagram illustrating
the reaction shear force and bending moment to the gravity of the extended boom is
shown in Figure 5.10, in which a laser and data logger are utilized to measure the free-
end displacements of booms. The laser provides a contactless method to measure the
displacement of the centre of a cantilevered boom at the free-end with the following
procedures:
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1) rigidly clamped one end of the test boom to a heavy base.
2) hold the boom free end to keep it horizontal.
3) pointed the laser dot perpendicularly to the centre of the boom free end.
4) released the free end to allow the boom to bend.
Several groups of signals were collected for cantilevered booms with R = 16 mm, β =
180◦, mass density of 15 g/m, and laminate stacking sequence of [±45/0/±45] using the
laser technique to improve accuracy of the results.
y
z x
Laser Data Logger
Shear force
Bending moment
Extended BRC boom
g
Figure 5.10: Schematic diagram of the experiment setup to validate the linear accel-
eration simulation results. The shear force and bending moment due to gravity are
indicated, and the laser is used to track the movement of the centre of the boom free
end
Booms with different lengths were experimentally tested and computationally simulated
to capture the dynamic failure points. The linear acceleration of g = 9.8 m/s2 was
applied at the centre of the plate as shown in Figure 5.5 in the FE modelling to simulate
the gravity effect on the cantilever boom.
The experimental failures were compared with the simulation visualisation results as
shown in Figure 5.11. A 2.45 m long BRC boom was used to experimentally and
computationally examine the boom collapse resulting from its low resistance to tor-
sion. Additionally, the experimental and simulated free-end displacements when the
boom started twisting were 204 mm and 216 mm, respectively. Good agreement within
5.9% difference between the simulated and experimental results verified reliability of the
FE simulations and the Budiansky-Hutchinson criterion (Budiansky and Hutchinson,
1966).
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(a) Experimental twisting failure of
a 2.3 m long boom subjected to a
same-sense bending due to gravity
(b) Experimental collapse of a 2.45
m long boom subjected to a same-
sense bending due to gravity
(c) Simulated failure of a 2.3 m
long boom subjected to a same-
sense bending due to the linear ac-
celeration at the plate centre
(d) Simulated collapse of a 2.45 m
long boom subjected to a same-
sense bending due to the linear ac-
celeration at the plate centre
Figure 5.11: Experimental and simulation torsional failure modes of a cantilevered boom
due to gravity acceleration. Results for R = 16 mm, β = 180◦, and a laminate stacking
sequence of [±45/0/±45]
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5.3.4 Optimised Shallow Booms Performing Rotational Manoeuvres
The four-ply carbon/epoxy BRC Boom 4 described in Table 4.3 with length L = 80 cm,
R = 16 mm, and β = 170◦ is computationally analysed using the same FE approach
as in Section 5.3.2, to investigate its stability performance under bending during the
second type of spacecraft manoeuvre, rotating from θ = 0 to θ = pi/2. The initial time
increment size within the solver is set to 0.01 s for this model. The instability modes
shown in Figure 5.12 are similar to the constant thickness booms (see Figure 5.8).
(a) Torsional instability of a boom under
same-sense bending during the first type
of manoeuvre (see Figure 5.4a)
(b) Instability of a boom under opposite-
sense bending during the second type of
manoeuvre (see Figure 5.4b)
Figure 5.12: Visualisation of the instability modes of Boom 4 from Table 4.3, subjected
to same-sense and opposite-sense bendings. Figure (a) is the torsional instability mode
for a boom performing the first type of manoeuvre, seen in Figure 5.4a, while Figure (b)
shows the instability mode for a boom subjected to an opposite-sense bending
The maximum angular acceleration of each boom is shown in Table 5.2, where acmax
denotes the maximum angular acceleration change. It can be seen from Table 5.2 that
BRC booms with optimised braid angles and step locations have higher maximum an-
gular accelerations than the benchmark boom specified in Section 5.3.1.
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Table 5.2: The maximum angular acceleration of optimised BRC booms from Table 4.3
Boom label amax (rad/s
2) acmax (%)
(Same properties as Table 4.3)
Benchmark boom 492 0
Boom 1 617 25.4
Boom 2 628 27.7
Boom 3 888 80.6
Boom 4 782 58.9
Boom 5 1093 122.2
5.3.5 Deep BRC Booms Performing a Rotational Manoeuvre
The stability of deep BRC booms subjected to same-sense and opposite-sense bending
introduced from the angular accelerations is analysed using the same approach as in
Section 5.3.2, in which the angular acceleration values were computed, and the corre-
sponding instability modes were shown in Figure 5.8. A 3 m long boom with R = 38 mm,
β = 345◦, and a laminate stacking sequence of [±45/±45/±45/±45] is investigated. The
initial increment size within the solver is set to 0.001 s for this model. The instability
modes are illustrated in Figure 5.13.
(a) Instability for a 3 m long deep
boom under same-sense bending
(b) Instability of a 3 m long deep boom
under opposite-sense bending
Figure 5.13: Visualisation of the instability of deep BRC booms subjected to same-sense
and opposite-sense bending, respectively
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5.4 Stability of a Deployable Solar Array Model
BRC booms are used to support a PV blanket and cross-link strips in the deployable
“roll-up” PV solar array. The stability performance of a single BRC boom built into
a simplified spacecraft has been studied. The instability mode and amax for a com-
plete solar array and the corresponding single boom will be compared in this section
to verify the feasibility of analysing the single boom instead of a complete solar array
structure.
A 3 m long deployed solar array similar to Figure 3.1 is modelled, employing the same
approach used in Section 5.3.2 to capture the instability failure mode and estimate
the maximum angular acceleration before the solar array becomes unstable, shown in
Figure 5.14. The contact condition between the plate and the booms is again defined
using a “master-slave” algorithm available in the ABAQUS/Implicit 6.14. One end of
each boom (slave surface) is tied to the rigid plate (master surface) to define the contact
constraint, while the booms are master surfaces in contact with the cross-link strips
(slave surfaces). The central point of the rigid plate is constrained in all degrees of
freedom except rotation about the y axis (see Figure 5.5).
The contact conditions in the solar array model must be defined properly. The ends
of two booms are tied as a “slave surface” to the simplified spacecraft; cross-link strips
(“slave surface”) and rigid cords (“slave nodes”) are tied to the booms (“master sur-
face”). The initial increment size within the solver is set to 0.001 s for this solar array
model, which is constructed with two 3 m long BRC booms with R = 38 mm, β = 345◦,
and a laminate layup of [±45/±45/±45/±45]. The cross-link strips and rigid cords have
the same properties as those in the 5 m long solar array described in Section 4.5.1. The
instability of the solar array is due to the cross-section deformation of the booms, seen
in Figure 5.14, and the a = 4 rad/s2, which is 4.2 rad/s2 for the corresponding single
boom. Compared to the single boom model, the instability mode and the maximum
angular acceleration are approximately the same. In other words, modelling a single
BRC model is an efficient and low-cost way to capture the dynamic stability of the
complete solar array model. As a result, the scalability of single BRCs will be anal-
ysed in the next section, to understand the scaling law regarding the maximum angular
acceleration.
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Loading point
Master surface
Slave surface
Slave surface
Master surface
Slave surface
Master surface
Figure 5.14: Instability mode of a 3 m long deployed solar array model without PV cells
subjected to a same-sense bending during the third type of angular acceleration profile
at a = 4 rad/s2. The central point of the plate is constrained in all degrees of freedom
except rotation about the y axis shown in Figure 5.5; the booms, cross-link strips and
plate are all meshed with S4R elements.
5.5 Scalability of Various BRC Booms
It has been shown that modelling single BRC booms instead of a complete solar array
structure is feasible and efficient. The deployable “roll-up” PV solar array developed for
DeployTech was 5 m long, and 1 m wide, but it is envisaged that much larger solar arrays
can be built. Nevertheless, very long BRCs are prone to fail at very low bending moments
due to their low resistance to torsion. Additionally, a significant delay in movement at
the tip of a cantilevered BRC or solar array structure appears for extremely long boom,
as the effect of a rotation or translation at the root of the boom takes time to propagate
along its length, which causes a design limitation of the solar arrays. The scalability of
the cantilevered BRC booms built into the solar array performing rotational manoeuvres
can be estimated.
The maximum angular acceleration can be estimated using the Budiansky-Hutchinson
criterion (Budiansky and Hutchinson, 1966) as performed in Section 5.3.2. Thus, in order
to explore the scaling law of the solar array, single BRC booms with different initial radii,
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included angle and laminate stacking sequences are considered. The maximum angular
accelerations that BRC booms can sustain before becoming unstable are plotted as a
function of boom length in Figure 5.15. The angular acceleration values obey a power law
as the boom length increases. This finding is crucial for predicting the maximum length
of the solar array built into a spacecraft doing manoeuvres. For instance, assuming
the extended boom with R = 38 mm and β = 345◦ is performing a 90 deg bang-bang
manoeuvre in 15 s (Fleming et al., 2010), the maximum angular accelerations can be
plotted as a function of boom length as shown in Figure 5.15. The sustainable angular
acceleration is found to approximately decrease in a power of −3.4 (amax ∝ L−3.4) as
the boom length increases. This finding is useful for predicting the maximum length of
the solar array constructed with this boom. Combing Equation 2.38 and the power law,
the estimated maximum length of the boom is approximately 25 m. However, for such
a long boom there is a movement propagation delay visualised at the tip, and also it
exhibits an extremely low natural frequency.
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(a) amax as a function of boom length for booms
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(b) amax as a function of boom length for booms
with R = 38 mm, β = 180◦ during the second
type of manoeuvre
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(c) amax as a function of boom length for booms
with R = 38 mm, β = 345◦ during the second
type of spacecraft manoeuvre
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Figure 5.15: The maximum angular acceleration of cantilevered BRC booms built into
a spacecraft during the second and third types of manoeuvres as a function of boom
length. amax ∝ L−3 in Figure (a), and amax ∝ L−3.4 in Figure (b) and Figure (c), and
amax ∝ L−3.2 in Figure (d). Results are for a laminate layup of [±45/±45/±45/±45]
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5.6 Conclusion
In this chapter, the stabilities of deployed individual BRC booms and a solar array
structure subjected to bending were studied. The bending loading condition was applied
by modelling the booms and a solar array built into a simplified spacecraft performing a
rotational or a translational manoeuvre. Both same-sense and opposite-sense bendings
were defined, and the stability performance resulting from these two types of bendings
was also investigated using the finite element simulation approach.
The FE modelling of a spacecraft attached with cantilevered booms or a solar array per-
forming different types of manoeuvres was formulated by defining the contact conditions
and the angular acceleration boundary conditions. The mesh properties and simulation
techniques were detailed to achieve convergence.
The instability modes of individual shallow and deep BRC booms performing different
types of manoeuvres were visualised and distinguished. An experimental verification
of single shallow booms subjected to translation-induced bending was complemented
to validate the reliability of using FE approach estimating the maximum sustainable
angular acceleration on the basis of Budiansky-Hutchinson criterion (Budiansky and
Hutchinson, 1966). The booms subjected to same-sense bending failed in re-
sisting torsion due to the open cross-section, though they had a much higher
resistance to the opposite-sense bending. The maximum angular accelerations
that could be applied to booms under different manoeuvre types (angular acceleration
profiles) were given. Stepwise BRCs were analysed to understand the effects of remov-
ing materials on their stability performance. Comparing the maximum angular
accelerations of optimised BRCs indicated that the braid angles and step
locations had significant effects on the bending resistance.
An FE simulation of a complete solar array structure was conducted to study its stability
under bending. The instability failure mode was visualised and the maximum angular
acceleration was computed. The great agreement of the torsional instability modes
and maximum angular acceleration (within 5% difference) between the solar array and
the single boom validated the feasibility of reliably analysing the stability of individual
booms instead of the entire solar array.
The maximum angular accelerations of individual BRCs with different design param-
102
5.6. Conclusion
eters were plotted as functions of boom length to understand the scalability of booms
subjected to bending. The scaling law was found, which can be used to predict
the maximum length of the solar array that can be constructed accord-
ing to specific spacecraft manoeuvres and BRCs. For the example given
in Section 5.5, the maximum length that solar arrays can be designed is
approximately 25 m.
The instability failure modes of both shallow and deep BRC booms subjected to bending
were visualised, and the maximum angular accelerations were estimated. The dynamic
stability of optimised booms was also analysed to investigate the effects of introducing
the stepwise thickness variation. Three different BRC booms are scaled up to explore
the power law with respect to boom length. It has been found that the maximum
acceleration decreases approximately to the power of 3.4 as the boom length increases.
The agreement with an approximately 5% difference between the maximum angular
acceleration values for the complete solar array and the corresponding individual BRC
tubes indicates the reliability of modelling a single boom model instead of the complete
model.
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Conclusions and Future Work
6.1 Conclusions
The dynamics of extended bistable reeled composite booms has been computationally
analysed with particular reference to a deployable “roll-up” PV solar array. The natural
frequency of BRC booms involving a “cantilever” motion has been improved by way of
optimising various design parameters. Moreover, the dynamic stability of BRC booms
subjected to bending has been investigated via applying angular accelerations to booms
performing spacecraft manoeuvres.
On a fundamental level, the vibration optimisation of extended booms are approached
from the viewpoint of understanding the parameters that impact the natural frequency.
Euler-Bernoulli beam theory illustrates that the material properties, boom geometric de-
sign include the length (L), radius (R), subtended angle (β), and thickness (t), and the
structural stiffness significantly affect the first cantilever frequency. If one attempts to
design a BRC boom with a high natural frequency (as illustrated in Chapter 3), careful
consideration should be given to the material selection, geometry design, and laminate
construction. Ideally, a given-length BRC boom should be designed with stiff fibres,
larger radius and subtended angle, and thin laminate ply without a great increment in
structural weight. The fibre orientation angle (αi) within a bistable laminate has shown
importance in dominating the stiffness terms, which influence both the vibration char-
acteristics and the diameter of BRCs in coiled configuration. The sensitivity of natural
frequency and coiled diameter of booms to the fibre angle variation and ply locations
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has been conducted. A more fundamental understanding of the natural frequency of a
cantilevered and extended boom when introducing a variation of geometric properties
at two ends is also necessary. Three new types of BRC booms with tapered diameter,
reduced included angle, and stepwise thickness variation have been proposed. Analyses
of the taper ratios, included angle ratios and step locations (L1/L) on the natural fre-
quency have been completed, from which a potential optimal step location in a stepwise
BRC boom is found. One can optimise the natural frequency of a stepwise BRC with
careful selection of the fibre orientation angles and reducing the number of plies at the
optimal location. In order to find the best fibre orientation angles and step locations, a
nonlinear constrained vibration optimisation procedure has been developed in Chapter
4, and in which a numerical boom model is created in ABAQUS using a Python script
and the patternsearch function available in Matlab is used to evaluate the natural
frequency, updating the BRC parameters again via Python. Experimental verification
of the optimisation results indicates the accuracy of the optimisation approach, which
allows one to optimise the natural frequency of BRCs with both constant and stepwise
thicknesses. The simulation of a complete solar array reveals the reliability of modelling
a single boom instead of an entire structure.
In addition to illustrating how the natural frequency of cantilevered BRCs can be im-
proved, it has also been shown that the dynamic stability performance of optimised
BRCs performing manoeuvres can be estimated. An angular acceleration about the
transverse axis is applied at the centre of a satellite to execute various types of space-
craft manoeuvres and induce bending to the extended BRCs. The maximum angular
acceleration (amax) that a boom can sustain before being unstable during the specified
manoeuvre profiles has been identified. The power law of amax that deployed BRC
booms follow can be computationally determined as a function of boom length, L. The
dynamic analysis of BRC booms has the potential to estimate the maximum length that
booms can be designed for the complete solar array structure, which has not been done
in constructing large-size “roll-up” solar arrays.
In Chapter 3, the effects of design parameters including the boom length, boom radius,
boom included angle, material selection, fibre angle, stiffnesses and laminate stacking
sequence have been numerically investigated for both short and slender extended BRCs.
A large boom radius and included angle are preferred to design BRCs with high natural
frequency. Then, a fibre angle perturbation, and swapping the fibre plies within a lam-
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inate have been shown to illustrate the consequent variations of natural frequency and
coiled diameters, and point out the importance of keeping the fibre angles precise during
manufacturing. Additionally, three new types of BRC booms with stepwise thickness
variations, tapered diameters and reduced included angles have been developed. The
simulation results for 3 m and 5 m long stepwise BRCs indicate the existence of an
optimal step location, and an experimental verification was set up to test the harmonic
response of 3 m long cantilevered stepwise Glass/PP BRCs. The experimental test re-
sults demonstrates a maximum natural frequency increment of approximately 34% by
introducing a one-step thickness change in boom thickness.
Based on the findings of Chapter 3, an optimal location of the thickness variation of
the stepwise BRC booms and optimal fibre orientation angles exist within the bistable
laminates. The curve fitting tool performs at a reasonably high accuracy for constant
thickness BRC booms with limited fibre angle variables, but becomes too complicated
when the one-step thickness variation is introduced. The nonlinear constrained vibration
optimisation approach is then developed to find the optimal solutions for both constant
thickness and stepwise BRC booms. The optimisation results yield with a maximum of
23% natural frequency increment by optimising the braid angles only, and 62% increment
of a BRC boom with optimised braid angles and step locations. Experimental testing
of the optimised booms proves the accuracy of the optimisation approach. An FE
validation of the vibration optimisation results for individual BRC booms and a complete
solar array model is performed, and the agreement reveals reliability of modelling a single
boom instead of a complete solar array structure.
Chapter 5 presents a dynamic stability analysis of cantilevered BRC booms subject to
bending. A simplified FE model of a single boom built in a spacecraft performing ma-
noeuvres is created in ABAQUS. The instability modes of shallow, deep and optimised
BRC booms subject to equal-sense and opposite-sense bending are exaggeratedly visu-
alised. The maximum angular acceleration that booms can sustain before losing their
stability during a spacecraft manoeuvre is computationally determined. An analysis of a
complete solar array model is in excellent accordance with the result of the correspond-
ing single boom, which implies the feasibility of modelling the dynamic stability of a
boom instead of a solar array structure. The scalability of various BRC booms regarding
the stability performance is also investigated. The power law of the maximum angular
acceleration as a function of boom length has been determined from the simulation val-
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ues, and from which the maximum boom length that can be estimated. For instance,
a four-braid-ply carbon/epoxy boom with R = 38 mm, β = 345◦ can be approximately
22 m long without the dynamic stability failure during a bang-bang manoeuvre having
the time-optimal manoeuvre time of 28.6 s.
6.2 Future Work
The vibration optimisation and the dynamic stability performance of cantilevered bistable
composite booms have been presented. Further research on the following topics is also
of interest to complement the work.
First of all, one of the manufactured Glass/PP samples shown in Figure 3.18 became
a spiral due to the misalignment of plies. However, spiral BRC booms have not been
well understood and their potential space applications as satellite antennas motivates
further investigation of spiral bistable structures.
Secondly, the FE exaggerated visualisation of the deformation of a cantilevered BRC
boom cross-section during the vibration shown in Figure 3.7d is of interest to study.
According to Brazier (1927), as a thin-walled cylinder was subjected to bending, the
cross-section tended to ovalize (Brazier effect) due to the reduction of the structural
flexural stiffness. Cecchini and Weaver (2002) presented research on the optimal fibre
angles to resist the Brazier effect (Brazier, 1927) in orthotropic tubes. Harursampath
and Hodges (1999) confirmed that the longitudinal stiffness (A11) and the circumferential
bending stiffness (D22) had resistances to the longitudinal bending and cross-section
deformation, respectively. They found that the critical failure load of a thin-walled
cylinder under bending was determined by a factor of
√
A11 ×D22. The effects of A11
and D22 on the vibration characteristics of cantilevered booms have been analysed, but
their impacts on the cross-section deformation have not been identified and further work
should be conducted.
Thirdly, the BRC booms analysed in this work are open-section thin shell structures,
which have a much lower circumferential deformation resistance as well as lower torsional
rigidity to bending in comparison to closed cross-section structures. The development of
closed composite shell structures, which preserves the advantages of current open-section
BRCs, while eliminating or at least substantially mitigating the torsional weakness, is
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also of interest to study in the future.
Finally, the dynamic stability of BRC booms performing spacecraft rotational and trans-
lational manoeuvres has been shown in Chapter 5. From the viewpoint of satellite control
systems, the coupled rotational and translational manoeuvres about all of the three axes
can also be illustrated in the future.
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Material Properties of Glass/PP
Braid
Appendix B
A Script for Single Boom Model
for Natural Frequency
Computation
**
** PARTS
**
*Part, name=Tube
*End Part
**
**
** ASSEMBLY
**
*Assembly, name=Assembly
**
*Instance, name=Tube-1, part=Tube
*Element, type=S4R
*Orientation, name=Ori-1
1., 0., 0., 0., 1., 0.
2, 0.
** Region: (CompositeLayup-1-1: Generated From Layup)
*Elset, elset=CompositeLayup-1-1, generate
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FREQUENCY COMPUTATION
** Section: CompositeLayup-1-1
*Shell Section, elset=CompositeLayup-1-1, composite, orientation=Ori-1, layup=CompositeLayup-
1
4.6e-05, 3, Carbon/epoxy, -45., Ply-1
4.6e-05, 3, Carbon/epoxy, 45., Ply-2
4.6e-05, 3, Carbon/epoxy, -45., Ply-3
4.6e-05, 3, Carbon/epoxy, 45., Ply-4
4.6e-05, 3, Carbon/epoxy, -45., Ply-5
4.6e-05, 3, Carbon/epoxy, 45., Ply-6
4.6e-05, 3, Carbon/epoxy, -45., Ply-7
4.6e-05, 3, Carbon/epoxy, 45., Ply-8
*End Instance
**
*Nset, nset=Set-1, instance=Tube-1, generate
*Elset, elset=Set-1, instance=Tube-1, generate
*End Assembly
**
** MATERIALS
**
*Material, name=Carbon/Epoxy
*Density
1480.,
*Elastic, type=LAMINA
6.681e+10, 3.705e+09, 0.278, 2.471e+09, 2.471e+09, 2.471e+09
** −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
**
** STEP: Step-1
**
*Step, name=Step-1, nlgeom=NO, perturbation
*Frequency, eigensolver=Lanczos, acoustic coupling=on, normalization=displacement
5, , , , ,
**
** BOUNDARY CONDITIONS
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**
** Name: BC-1 Type: Symmetry/Antisymmetry/Encastre
*Boundary
Set-1, ENCASTRE
**
** OUTPUT REQUESTS
**
*Restart, write, frequency=0
**
** FIELD OUTPUT: F-Output-1
**
*Output, field, variable=PRESELECT
*End Step
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